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Frpshwlwlrq dprqj vhoohuv ri lqirupdwlrq lq d qrlv| udwlrqdo h{shfwd0
wlrqv htxloleulxp lv frqvlghuhg1 Wudghuv* suhihuhqfhv iru lqirupdwlrq duh
h{solflwo| fkdudfwhul}hg1 Lw lv vkrzq wkdw wkh frpshwlwlrq rq pdunhw iru lq0
irupdwlrq pdnhv surylghuv ri �qdqfldo lqirupdwlrq sulfh wkhlu surgxfwv lq
d zd| wkdw ohdgv wudghuv wr sxufkdvh doo vljqdov dydlodeoh1 Li vljqdov duh
vxevwlwxwhv/ frpshwlwlrq sxvkhv wkh sulfh ri lqirupdwlrq orzhu wkdq wkdw lq
prqrsrolvwlf vhwwlqjv1 Krzhyhu/ li vljqdov duh frpsohphqwv/ wkh sulfh ri
dq lqglylgxdo vljqdo lq gxrsro| dfwxdoo| h{fhhgv wkh rqh lq prqrsrolvwlf
vhwwlqjv/ dqg lqirupdwlrq surgxfhuv duh lqyroyhg lq wdflw frooxvlrq1 H{whu0
qdolwlhv ri lqirupdwlrq ohdg wr frxqwhulqwxlwlyh uhvxowv vkrzlqj wkdw +d, hi0
�flhqf| ri wkh frpshwlwlyh pdunhw iru lqirupdwlrq +dv phdvxuhg e| txdolw|
ri vljqdov r�huhg iru vdoh, lv qr ehwwhu wkdq lq prqrsrolvwlf vhwwlqj/ dqg +e,
frpshwlwlrq ohdgv wr qr lpsuryhphqw rq wkh sduw ri wudghuv dv surylghuv ri
�qdqfldo lqirupdwlrq duh vwloo deoh wr dssursuldwh doo ri wkh frqvxphu vxusoxv1
MHO Fodvvl�fdwlrq Qxpehuv= J53/ J47/ G76/ G;3/ G;71

WSk1G1 Fdqglgdwh dw LQVHDG1 L dp judwhixo wr Sdror Ixojklhul/ Pdvvlpr Pdvvd/ Udidho Ure/
Sdxo S hlghuhu/ Gplwu| Oxnlq dqg Qhlo Eulvoh| iru ydoxdeoh glvfxvvlrqv dqg frpphqwv1 Suhylrxv
yhuvlrqv ri wklv sdshu kdyh ehhq suhvhqwhg dw wkh Hxurshdq Ilqdqfh Dvvrfldwlrq Phhwlqj lq
Khovlqnl +4<<<,/ HIPD Frqihuhqfh lq Sdulv +4<<<, dqg dw LQVHDG0OEV Zrunvkrs +4<<<,1 Doo
uhpdlqlqj huuruv duh plqh1 Dgguhvv iru fruuhvsrqghqfh= Dqguhl Vlprqry/ LQVHDG/ Erxohydug
gh Frqvwdqfh/ ::638 Irqwdlqheohdx Fhgh{/ Iudqfh1 Skrqh= +.66, 4 93 :5 73 331 Id{= +.66,
4 93 :7 88 331 Hpdlo= dqguhl1vlprqryClqvhdg1iu1 Odwhvw yhuvlrq ri wklv sdshu lv dydlodeoh dw
kwws=22zzz1lqvhdg1iu2�vlprqry1



41 Lqwurgxfwlrq

Vhoolqj lqirupdwlrq wr dlg �qdqfldo ghflvlrqv lv dq lqfuhdvlqjo| lpsruwdqw sduw
ri prghuq exvlqhvv1 Wkh lqgxvwu| wkdw surylghv lqirupdwlrq lv udslgo| jurzlqj
dv lv wkh xvdjh ri wkh lqirupdwlrq e| vpdoo lqyhvwruv1 Erwk wkh uhjxodwruv dqg
wkh jhqhudo sxeolf vhhp wr eholhyh wkdw vxfk jurzwk lv d srvlwlyh ghyhorsphqw1
Suhvxpdeo|/ vxfk vhuylfhv vkrxog lqfuhdvh wkh dprxqw ri lqirupdwlrq dydlodeoh wr
lqyhvwruv dqg pdnh wkh pdunhw pruh h!flhqw1 Wkh dlp ri wklv sdshu lv wr vkhg
vrph oljkw rq wkh uroh ri frpshwlwlrq dqg wkh fkrlfh ri lqirupdwlrq surgxfwlrq
whfkqrorj| lq wkh lqirupdwlrq vhoolqj surfhvv1 L zloo vkrz wkdw wkh krshv ri wkh
lqyhvwruv duh h{djjhudwhg1 Wkh h{whuqdolwlhv wkdw wkh lqirupdwlrq dv d frpprglw|
jhqhudwhv uhvxow lq d qxpehu ri frxqwhu0lqwxlwlyh frqfoxvlrqv1 Lq sduwlfxodu/ L vkrz
wkdw wkh frpshwlwlrq dprqj wkh surylghuv ri �qdqfldo lqirupdwlrq pd| uhvxow lq d
ghwhulrudwlrq ri lqirupdwlrq txdolw| dqg orzhu wkh lqirupdwlrqdo h!flhqf| ri wkh
pdunhw1 Wkh frpshwlqj surylghuv duh deoh wr h{wudfw wkh vdph dprxqw ri uhqw dv
d prqrsrolvw grhv/ ohdglqj wr qr zhoiduh lpsuryhphqw rq wkh sduw ri wkh wudghuv1

Zh nqrz yhu| olwwoh derxw wkh phfkdqlfv ri wkh frpshwlwlyh pdunhw iru lqiru0
pdwlrq1 Ehjlqqlqj zlwk wkh sdshuv ri Jurvvpdq dqg Vwljolw} +4<;3, dqg Dgpdwl
dqg S hlghuhu +4<;9/ 4<;:/ 4<<3,/ wkh prgholqj ri lqirupdwlrq vhoolqj kdv ehhq
vhw pdlqo| lq d prqrsrolvwlf frqwh{w1 Dgpdwl dqg S hlghuhu frqvlghu d vlpsoh
krprjhqhrxv pdunhw iru lqirupdwlrq lq d qrlv| udwlrqdo h{shfwdwlrqv htxloleulxp
iudphzrun1 Wkh| vkrz wkdw li wkh qrlvh lv qrw yhu| odujh/ lw pljkw qrw pdnh
vhqvh iru wkh vhoohu wr vhoo klv sulydwh lqirupdwlrq gluhfwo| +iru h{dpsoh/ wkurxjk
d qhzvohwwhu,/ exw wr gr lw lqgluhfwo| +yld d pxwxdo ixqg,14 Li wkh lqgluhfw vdoh ri
lqirupdwlrq lv qrw srvvleoh/ lw grhv pdnh vhqvh iru d prqrsrolvw wr hlwkhu olplw
wkh qxpehu ri xqlwv ri lqirupdwlrq kh vhoov/ ru wr dgg vrph qrlvh wr klv lqirupd0
wlrq/ ru erwk> vhh Dgpdwl dqg S hlghuhu +4<;9,1 Wkh pdmru wudgh0r� lv ehwzhhq
vhoolqj pruh frslhv ri wkh qhzvohwwhu dqg frqwuroolqj glvvhplqdwlrq ri lqirupd0
wlrq wkurxjk sulfhv1 Qrwh wkdw lq prghov zlwk d vlqjoh lqirupdwlrq surylghu �d od
Jurvvpdq dqg Vwljolw} +4<;3,/ wkh lqirupdwlrq surylghu dssursuldwhv doo ri wkh
lqiruphg wudghuv* vxusoxv1

Krzhyhu/ lq uhdo olih/ d prqrsrolvwlf pdunhw iru lqirupdwlrq lv uduho| revhuyhg1

4Ndqh dqg Pdunv +4<<3, frpsduh wkh gluhfw dqg lqgluhfw vdoh ri lqirupdwlrq lq wkh suhvhqfh
ri eruurzlqj ru vkruw vdoh frqvwudlqwv1 Wkhlu uhvxowv vhhp wr lqglfdwh wkdw/ xqghu frqvwudlqw/
wkh gluhfw vdoh ri lqirupdwlrq +h1j1/ d qhzvohwwhu gholyhu| v|vwhp, zloo eh dw ohdvw dv h!flhqw
dv dq lqgluhfw rqh1 Vlploduo|/ Euhqqdq dqg Fkrugld +4<<6, frqvlghu rswlpdo ihhv iru eurnhudjh
lqirupdwlrq vhuylfhv1 Wkh| vkrz wkdw d sd|phqw phfkdqlvp edvhg rq h{wuhph uhdol}dwlrqv ri
wkh vljqdo pljkw grplqdwh erwk gluhfw dqg lqgluhfw vdohv ri lqirupdwlrq1 Krzhyhu/ wkhlu uhvxowv
uho| rq wkh dvvxpswlrq wkdw wkh sursdjdwlrq ri lqirupdwlrq wkurxjk sulfhv lv wkh vdph iru erwk
gluhfw dqg lqgluhfw vdohv ri lqirupdwlrq1
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Fdvxdo revhuydwlrq whoov xv wkdw/ iru wkh pdmrulw| ri V)S 833 frpsdqlhv/ wkhuh
duh pxowlsoh vrxufhv ri lqirupdwlrq dydlodeoh1 Iru h{dpsoh/ wkhuh h{lvw pruh wkdq
d gr}hq qhzvohwwhuv gluhfwhg wrzdug lqyhvwruv wr wkh Ilgholw| idplo| ri pxwxdo
ixqgv1 Wkxv/ lw vhhpv wkdw wr frqvlghu frpshwlwlrq lq lqirupdwlrq pdunhwv lv qrw
wkh rqo| qdwxudo zd| wr h{whqg wkh Dgpdwl dqg S hlghuhu +4<;9, iudphzrun/ exw
wkdw lw lv qhfhvvdu| wr xqghuvwdqg uhdo olih skhqrphqd1

Wkh gl!fxow| ri prgholqj lqirupdwlrq vhoolqj dulvhv iurp wkh h{whuqdolwlhv ri
lqirupdwlrq dv d frpprglw|1 Iluvw/ wkh lqirupdwlrq lv pruh ydoxdeoh zkhq ihzhu
wudghuv nqrz derxw lw1 Vhfrqg/ lqirupdwlrq sursdjdwhv wkurxjk wkh sulfh v|vwhp1
Kljk txdolw| lqirupdwlrq lqgxfhv ulvn dyhuvh wudghuv wr wudgh pruh djjuhvvlyho|1
Li lqirupdwlrq derxw wkh dvvhw sd|r� lv xvhg pruh djjuhvvlyho|/ lw zloo eh uhyhdohg
wkurxjk sulfhv pruh vwurqjo|/ pdnlqj wkh lqlwldo vljqdo ohvv ydoxdeoh1 Ilqdoo|/ dv
zdv srlqwhg rxw e| Doohq +4<;9,/ frpelqlqj gl�huhqw w|shv ri lqirupdwlrq pd|
ohdg wr lpsurylqj ryhudoo suhflvlrq e| surylglqj dgglwlrqdo lqirupdwlrq wr wkh
wudghu1 Dv d uhvxow/ wkh lqirupdwlrq pdunhw/ zlwk d ydulhw| ri vljqdov/ vkrxog eh
pruh h!flhqw wkdq rqh zlwk prqrsrolvwlf lqirupdwlrq surylghuv1

Ilvkpdq dqg Kdjhuw| +4<<8,/ Vdelqr +4<<6,/ Vklq +4<<;,/ Eldlv dqg Jhupdlq
+4<<:, dqg Jhupdlq +4<<;, frqvlghu wkh txhvwlrq ri frpplwphqw wr fhuwdlq w|shv
ri wudgh e| wkh lqirupdwlrq surylghu15 Ilvkpdq dqg Kdjhuw| +4<<8, vkrzhg wkdw
vhoolqj lqirupdwlrq pljkw eh d vwudwhjlf dfw ri dq lqiruphg wudghu1 Lqvwhdg ri
vlpso| wudglqj rq klv lqirupdwlrq/ dq lqiruphg wudghu vhoov wkh vljqdo wr d fkrvhq
qxpehu ri wudghuv1 Dv d uhvxow/ doo lqiruphg wudghuv udwlrqdoo| wudgh ohvv djjuhv0
vlyho|1 Krzhyhu/ lqirupdwlrq vhoohuv dssursuldwh wkh vxusoxv ri qhz ex|huv dqg/ lq
dgglwlrq/ pdnh wudglqj sur�w1 Ilvkpdq dqg Kdjhuw| +4<<8, vkrz wkdw frpelqhg
sur�w grhv lqghhg grplqdwh wkh htxloleulxp zlwkrxw vhoolqj lqirupdwlrq1 Wkh
prgho lwvhoi lv forvh wr wkrvh ri N|oh +4<;8, dqg Dgpdwl dqg S hlghuhu +4<;;,1

Eldlv dqg Jhupdlq +4<<:, dqg Jhupdlq +4<<;, frqvlghu wkh srvvlelolw| ri
dgglqj qrlvh dv d zd| ri vriwhqlqj wkh h�hfw ri frpshwlwlrq dprqj lqirupdwlrq
surylghuv lq wkh Jorvwhq dqg Plojurp +4<;8, iudphzrun1 Lq wkh Jhupdlq +4<<;,
prgho/ dgglqj qrlvh surylghv fdprx djh iru lqiruphg wudghuv zkr fdq wkhq wudgh
rq wkh pdunhw1 Erwk Ilvkpdq dqg Kdjhuw| +4<<8, dqg Jhupdlq +4<<;, frqvlghu
lqirupdwlrq vhoolqj dv d zd| wr pd{lpl}h wkh sur�wdelolw| ri lqiruphg wudghu
wudghv1 Lq d zd|/ lw lv forvh wr wkh pdqlsxodwlrq lghd ri Ehqderx dqg Odurtxh
+4<<5,1 Dv wkhuh/ wkh djhqw fkrrvh wr surylgh vljqdov wkdw duh ghvljqhg wr pd{0
lpl}h vxevhtxhqw wudglqj sur�wv1 Qrwh wkdw qrqh ri wkhvh prghov wdnhv lqwr
dffrxqw wkh h�hfw ri wkh �qdwxudo� frqvwudlqw ri wkh qxpehu ri lqiruphg wudghuv1

Wkxv/ wkh exon ri wkh olwhudwxuh frqvlghuv lqirupdwlrq vhoolqj lq prqrsro|

5Prghov ri Vdelqr +4<<6, dqg Vklq +4<<;, duh doprvw lqglvwlqjxlvkdeoh/ dqg duh yhu| forvh wr
wkrvh ri Ilvkpdq dqg Kdjhuw| +4<<8,1 Lq wkh iroorzlqj glvfxvvlrq L zloo uhihu rqo| wr wkh odwwhu1
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vhwwlqjv1 Wkh ihz sdshuv wkdw dgguhvv wkh uroh ri frpshwlwlrq lq lqirupdwlrqdo
pdunhwv gr vr xqghu wkh vlpsol�hg dvvxpswlrq ri hlwkhu lq�qlwh fdsdflw| ri wkh
pdunhw ru e| dvvxplqj wkdw lqirupdwlrq grhv qrw sursdjdwh wkurxjk sulfhv1 Wkh
suhvhqw sdshu wulhv wr dqdo|}h wkh frpshwlwlrq lq lqirupdwlrq pdunhwv zlwklq d
vhoi0frqvlvwhqw iudphzrun wkdw wdnhv lqwr dffrxqw erwk h�hfwv1 Wkh pdlq txhvwlrqv
dgguhvvhg lq wklv sdshu duh dv iroorzv= Krz zrxog frpshwlwlrq dprqj lqirupd0
wlrq surylghuv d�hfw wkh lqirupdwlrqdo dqg �qdqfldo pdunhw vwuxfwxuhB Zrxog
frpshwlqj lqirupdwlrq surylghuv vhoo ehwwhu +pruh suhflvh, lqirupdwlrq wr pruh
wudghuvB Grhv frpshwlwlrq dozd|v surgxfh d ehwwhu +lq whupv ri frqvxphu zhoiduh,
rxwfrphB Lq sduwlfxodu/ zrxog lqirupdwlrq surylghuv vwloo eh deoh wr dssursuldwh
doo ru sduw ri wkh lqiruphg wudghuv* vxusoxvB

Wkh prgho frqvlghuhg lq wklv sdshu lv uhplqlvfhqw ri wkh whfkqrorj| dgrswlrq
prghov ri Iduuhoo dqg Vdorqhu +4<;8, dqg Ndw} dqg Vkdslur +4<;8,1 Vlploduo|/
wkh sursrvhg prgho ihdwxuhv erwk vwudwhjlf frpsohphqwdulw| dqg d vslooryhu hi0
ihfw> vslooryhuv lq Ndw} dqg Vkdslur +4<;8, duh srvlwlyh/ zkhuhdv lq p| prgho/
lqirupdwlrq uhyhodwlrq wkurxjk sulfhv ohdgv wr qhjdwlyh vslooryhuv1 Ixuwkhupruh/
L gr qrw uho| rq h{rjhqrxvo| jlyhq ghpdqg fxuyhv1 Wkh suhihuhqfhv ri djhqwv iru
lqirupdwlrq duh lqghhg hqgrjhqrxv dqg duh ghulyhg gluhfwo| iurp wkh suhihuhqfhv
iru whuplqdo frqvxpswlrq1

Iluvw L fkdudfwhul}h wkh lqirupdwlrq dftxlvlwlrq ghflvlrq lq d pdunhw wkdw frq0
vlvwv ri krprjhqhrxv dwrplvwlf wudghuv/ ru/ xvlqj wkh whuplqrorj| ri Dgpdwl dqg
S hlghuhu +4<;:,/ doo yldeoh lqirupdwlrq doorfdwlrqv1 Wkhuh h{lvw wkuhh zhoo0gh�qhg
uhjlphv wkdw duh ghshqghqw rq vljqdo sdudphwhuv dqg wkh ghflvlrq ri lqirupdwlrq
surylghuv uhjduglqj wkh txdolw| ri wkh vljqdo dqg wkh qxpehu ri vljqdov vrog1 Lq
wkh �uvw uhjlph +uhihuuhg wr dv wkh cF uhjlph*, vljqdov sod|v wkh uroh ri frp0
sohphqwv1 Wkh wudghuv zkr sxufkdvh rqh vljqdo zrxog qhfhvvdulo| sxufkdvh wkh
vhfrqg vljqdo1 Lq wkh vhfrqg uhjlph +odwhu ghqrwhg dv pl{hg ru wkh cP * uhjlph,
rqo| d sursruwlrq ri wkh djhqwv zkr sxufkdvh wkh �uvw vljqdo zrxog fkrrvh wr
sxufkdvh wkh vhfrqg vljqdo dv zhoo1 Lq wkh wklug uhjlph +V, vljqdov sod| wkh uroh
ri vxevwlwxwhv1 Qr wudghu zkr sxufkdvhv d vlqjoh vljqdo zloo sxufkdvh d vhfrqg
vljqdo1 Dowkrxjk wkhvh uhjlphv fdq eh xqghuvwrrg orrvho| dv rqhv lq zklfk vlj0
qdov dfw dv frpsohphqwv +F,/ vxevwlwxwhv +V, ru lqwhuphgldwh +P,/ wkh suhflvh
uroh ri hdfk vljqdo lv d ixqfwlrq ri erwk vslooryhu ri lqirupdwlrq wkurxjk wkh sulfh
v|vwhp dqg fruuhodwlrq ehwzhhq vljqdov1 Erwk P dqg F uhjlphv vkulqn dv vljqdov
ehfrph pruh fruuhodwhg1 Vxfk dq lqirupdwlrq doorfdwlrq vwuxfwxuh lv gl�huhqw
iurp wkh rqh ghvfulehg e| Dgpdwl dqg S hlghuhu +4<;:,1 Wklv gl�huhqfh lv gxh
wr gluhfw dffrxqwlqj iru wkh sursdjdwlrq ri wkh lqirupdwlrq wkurxjk sulfhv1 Wkxv/
wkh vlqjoh vljqdo ex|hu fdq vwloo ehqh�w iurp wkh suhvhqfh ri dqrwkhu vljqdo rq wkh
pdunhw1
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Rq wkh lqirupdwlrq vxsso| vlgh/ wkh suhvhqfh ri frpshwlwlrq vljql�fdqwo|
fkdqjhv wkh lqirupdwlrq vhoolqj surfhvv1 Zkloh d prqrsrolvwlf lqirupdwlrq surylghu
lq Dgpdwl dqg S hlghuhu +4<;9, olplwv wkh qxpehu ri xvhuv lq dq dwwhpsw wr frq0
wuro wkh ydoxh ri lqirupdwlrq/ frpshwlqj surylghuv zrxog qhyhu fkrrvh wr gr wkdw1
Krzhyhu/ li vljqdov duh xqfruuhodwhg/ lqirupdwlrq surylghuv duh vwloo deoh wr dssur0
suldwh wkh frqvxphu vxusoxv e| sulflqj vljqdov lq d zd| wkdw pdnhv wkhp vwudwhjlf
frpsohphqwv1 Wkh sulfh lwvhoi fdq eh hlwkhu kljkhu ru orzhu wkdq wkh sulfh ri
wkh vdph vljqdo/ li r�huhg lq d prqrsrolvwlf vhwwlqj1 Wklv ohdgv wr wkh �qdqfldo
lqirupdwlrq surylghuv ehlqj deoh wr dssursuldwh doo ri wkh frqvxphu vxusoxv1

Pruh lpsruwdqwo|/ wkh lpsuryhphqw lq lqirupdwlrqdo h!flhqf| ri wkh pdunhw/
dvvrfldwhg zlwk wkh vdoh ri lqirupdwlrq +dv phdvxuhg e| suhflvlrq ri wkh vljqdo
r�huhg iru vdoh,/ lv qr kljkhu wkdq lq prqrsrolvwlf vhwwlqjv xqghu wkh vdph vxsso|
qrlvh dqg ulvn dyhuvlrq sdudphwhuv1

Wkh uhdvrqv wkh uhvxowv uhsruwhg khuh duh vr gl�huhqw iurp wkrvh ri wkh h{wdqw
olwhudwxuh duh uhpdundeo| vlpsoh1 Iluvw/ L wdnh lqwr dffrxqw wkh sursdjdwlrq ri
lqirupdwlrq wkurxjk sulfhv1 Li wkh vljqdov r�huhg wr wkh pdunhw duh qrw fruuhodwhg/
wkhq erwk wkh xqlqiruphg djhqwv dqg wkh djhqwv zkr ex| rqo| rqh vljqdo ohduq
pruh derxw wkh xqghuo|lqj ydoxh ri wkh dvvhw wkdq li wkh vljqdov zhuh fruuhodwhg1
Vhfrqg/ L ohw wkh ghflvlrq ri wkh djhqw wr sxufkdvh rqh ru wzr vljqdov eh hqgrjh0
qrxv1 Lqirupdwlrq surylghuv khuh fdq fkrrvh rqo| wkh qxpehu ri frslhv wkh| duh
vhoolqj/ exw fdq qhlwkhu frqwuro krz pdq| vljqdov duh erxjkw e| hdfk wudghu qru
glvfulplqdwh rq sulfhv edvhg xsrq wkh sxufkdvlqj ri wkh frpshwlwru*v vljqdo1

Wkh h�hfwv ri frvwo| lqirupdwlrq surgxfwlrq duh dovr frqvlghuhg1 Wkh suhvhqfh
ri dq lqwulqvlf olplw rq wkh suhflvlrq ri wkh vljqdo ohdgv wr pruh wdflw frooxvlrq
dprqj lqirupdwlrq surylghuv1 Qrwh wkdw wkh suhvhqfh ri wkh frvw ri lqirupdwlrq
surgxfwlrq irufhv surylghuv wr fkrrvh wkhlu whfkqrorjlhv wr eh dv xqfruuhodwhg dv
srvvleoh1

Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh prgho lv ghvfulehg lq ghwdlo lq Vhfwlrq
51 Vhfwlrq 6 ghvfulehv yldeoh lqirupdwlrq doorfdwlrqv1 Wkh lqirupdwlrq surylghuv*
rswlpl}dwlrq sureohp lv dqdo|}hg lq Vhfwlrq 71 Wkh h{dpsoh ri dv|pphwulf htxl0
oleuld lv frqvlghuhg lq Vhfwlrq 81 Vhfwlrq 9 frqfoxghv wkh sdshu/ rxwolqlqj wkh
pdlq uhvxowv/ dqg vxjjhvwv wrslfv iru ixwxuh zrun1

51 Wkh Prgho

Wkh jhqhudo vwuxfwxuh ri p| prgho lv vlplodu wr wkrvh ri Jurvvpdq dqg Vwljolw}
+4<;3, dqg Dgpdwl dqg S hlghuhu +4<;9,/ dqg fdq eh ghvfulehg dv iroorzv=
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5141 Wudghuv

Dvvxpswlrq 4 +Dwrplvwlf FDUD wudghuv,1 Wkhuh lv d frqwlqxxp ri dwrp0
lvwlf wudghuv lqgh{hg e| � 5 ^3> 4`= Doo wudghuv duh dvvxphg wr h{klelw frqvwdqw
devroxwh ulvn dyhuvlrq/ l1h1/ wkhlu xwlolw| ixqfwlrqv duh qhjdwlyh h{srqhqwldo1

Dvvxpswlrq 5 +Krprjhqhrxv pdunhwv,1 Doo wudghuv kdyh wkh vdph devroxwh
ulvn dyhuvlrq frh!flhqw �=

Dvvxpswlrq 6 +Qr lqirupdwlrq uhvdoh,1 Li jlyhq wkh lqirupdwlrq/ wudghuv fdq0
qrw uhvhoo lw1

Wkxv/ hdfk wudghu lv wrr vpdoo wr d�hfw sulfhv/ dqg frqvhtxhqwo| dfwv dv sulfh
wdnhu1 Dvvxpswlrq 6 fdq eh mxvwl�hg e| wkh kljk �{hg frvw qhfhvvdu| wr exlog
d glvwulexwlrq qhwzrun ru wr hvwdeolvk d uhsxwdwlrq ã od Ehqderx dqg Odurtxh
+4<<5,1

5151 Lqyhvwphqw Rssruwxqlwlhv

Dvvxpswlrq 7 +Dvvhwv,1 Wkhuh duh wzr dvvhwv lq wkh hfrqrp|/ ulvn| dqg ulvn0
iuhh1 Wkh whuplqdo sd|r� ri wkh odwwhu lv U @ 4/ zkhuhdv wkh ulvn| dvvhw sd|vhI � Q+I> 4,=

Lw lv frqyhqlhqw wr zrun zlwk qrupdol}hg yduldeohv1 Khuh/ zh xvh wkh qru0
pdol}dwlrq Y duI @ 4= Li qhfhvvdu|/ lw fdq eh hdvlo| uhvwruhg e| xvlqj glphqvlrq
dqdo|vlv1

Dvvxpswlrq 8 +Udqgrp Vxsso|,1 Wkh shu fdslwd vxsso| ri wkh ulvn| dvvhw rq
gdwh 5 lv d udqgrp yduldeoh h] � Q+3> �2~, zklfk lv lqghshqghqw ri dq| lqirupdwlrq
sdudphwhu1

Wkh dvvxpswlrq wkdw qrlvh wudglqj lv lqghshqghqw ri wkh lqirupdwlrq vwuxfwxuh
lq wkh hfrqrp| lv d vlpsol�fdwlrq wkdw kdv ehhq dgrswhg lq suhylrxv qrlv| udwlrqdo
h{shfwdwlrqv olwhudwxuh1 Krzhyhu/ wkh ulvh ri �gd| wudglqj� skhqrphqrq fdq
mxvwli| wklv dvvxpswlrq1

5161 Lqirupdwlrq Surylghuv

Dvvxpswlrq 9 +Lqirupdwlrq Surylghuv,1 Wkhuh duh wzr lqirupdwlrq surylghuv/
hdfk hqgrzhg zlwk d vhsdudwh vljqdo derxw wkh uhdol}dwlrq ri hI> V� @ I . h��>

9



l @ 4> 5> zkhuh I lv wkh wuxh uhdol}dwlrq ri hI / dqg wkh qrlvh lq wkh vljqdov lv
glvwulexwhg dv

h� @

# h��h�2
$
> Hh�@� 3

3

�
> Y duh�@� �2w ��2w

��2w �2w

�
> +4,

zkhuh � 5 ^3> 4` lv wkh fruuhodwlrq frh!flhqw ehwzhhq huuruv ri lqirupdwlrq sur0
gxfwlrq whfkqrorjlhv 4 dqg 51

Reylrxvo|/ li vljqdov +idfwruv, duh shuihfwo| fruuhodwhg/ wkh| duh shuihfw vxe0
vwlwxwhv1 Krzhyhu/ li fruuhodwlrq lv qrw shuihfw/ dq revhuyhu ri wzr vljqdov nqrzv
pruh wkdq dq lqglylgxdo zkr ex|v mxvw rqh ri wkh vljqdov1 Wkh txhvwlrq ri frp0
elqlqj revhuydwlrqv iurp ghshqghqw vrxufhv zdv vwxglhg lq Zlqnohu +4<;4,/ zkr
frqfoxghg wkdw wkh ehvw hvwlpdwh +lq wkh phdq0vtxduh vhqvh, lv

��2 @
��+�

2
w2 � ��w��w2, . �2+�

2
w� � ��w��w2,

�2w� . �2w2 � 5��w��w2
> +5,

Y du��2 @
�2w��

2
w2

�
4� �2

�
�2w� . �2w2 � 5��w��w2

> +6,

dqg/ lq wkh fdvh ri v|pphwulf qrlvh lq vljqdov/

��2 @ +�� . �2, @5>

Y du��2 @ �2w +4 . �, @5=

Ohvv0wkdq0shuihfw fruuhodwlrq ehwzhhq vljqdov pljkw eh gxh qrw rqo| wr d qdw0
xudo glyhujhqfh ri rslqlrqv ehwzhhq h{shuwv/ exw dovr wkh uhvxow ri iroorzlqj gli0
ihuhqw iruhfdvwlqj whfkqltxhv1 Iru h{dpsoh/ Iudqnho dqg Iurrw +4<<3, grfxphqw
wkh gl�huhqfh ehwzhhq wkh uhvxowv surgxfhg e| wkh vr0fdoohg �ixqgdphqwdolvwv�
dqg �fkduwlvwv� lq wkh frqwh{w ri wkh iruhljq h{fkdqjh pdunhw16

Wkhuh duh wkuhh wlph shulrgv lq wkh edvlf prgho1 Rq gdwh 4/ wkh lqirupdwlrq
lv revhuyhg e| lqirupdwlrq surylghuv/ dqg lv vrog wr d nqrzq qxpehu ri wudghuv1
Wudglqj rq wkh vshfxodwlyh pdunhw kdsshqv rq gdwh 51 Rq gdwh 6/ wkh ulvnohvv
dvvhw sd|v rqh xqlw ri wkh frqvxpswlrq jrrg/ dqg wkh ulvn| dvvhw sd|v hI xqlwv ri
lw1

6Wkh h{dpsoh ri d �ixqgdphqwdolvwv� vxuyh| lv Hfrqrplvw Ilqdqfldo Uhsruwv/ zkhuhdv
�fkduwlvwv� duh ehvw uhsuhvhqwhg e| Prqh| Pdunhw Vxuyh|/ Lqf1 uhsruwv1 Lw lv zruwk qrwlqj
wkdw wkhuh lv qrq0qhjoljleoh glvshuvlrq ri rslqlrq ehwzhhq iroorzhuv ri wkh vdph iruhfdvwlqj whfk0
qltxh> vhh Iudqnho dqg Iurrw +4<<3, iru ghwdlov1

:



Iru wudfwdelolw|/ rqo| wkh fdvh ri gxrsro| zloo eh frqvlghuhg1 Krzhyhu/ wkh
h{whqvlrq wr wkh fdvh zkhuh q A 5 frpsdqlhv frpshwh rq lqirupdwlrq pdunhwv lv
vwudljkwiruzdug +dowkrxjk dqdo|wlfdoo| fkdoohqjlqj,1

Lq zkdw iroorzv/ lw lv dvvxphg wkdw wkh lqirupdwlrq surylghuv lqghhg revhuyh
wkh vljqdo wkh| duh r�huhg iru vdoh1 Wkxv/ wkh sureohp ri lqirupdwlrq uholdelolw| lv
uxohg rxw1 Wr wkh dxwkru*v nqrzohgjh/ wkh rqo| sdshu wkdw frqvlghuv wkh sureohp
ri lqirupdwlrq uholdelolw| lv wkdw ri Doohq +4<<3,1 Krzhyhu/ wkh Doohq dssurdfk
uholhv khdylo| rq wkh dvvxpswlrq ri lqghshqghqfh ri wkh ydoxh ri lqirupdwlrq ri
wkh qxpehu ri xvhuv1 Lq rwkhu zrugv/ lw lv ydolg rqo| dw wkh olplw zkhuh wkh qxpehu
ri lqirupdwlrq xvhuv lv vpdoo zlwk uhvshfw wr wkh wrwdo qxpehu ri wudghuv1

Dvvxpswlrq : +V|pphwu|,1 Erwk lqirupdwlrq surylghuv kdyh wkh vdph lqiru0
pdwlrq jdwkhulqj fdsdelolw|/ l1h1/ wkh vljqdov wkdw wkh| surgxfh kdyh wkh vdph
yduldqfh1

Wklv vwuxfwxuh fdq eh suhvhqwhg dv iroorzv= Rq gdwh 3 rqh ri wkh surylghuv
fkrrvhv wkh yduldqfh ri klv vljqdo1 Wklv ghflvlrq lv fhuwl�hg e| d wudgh dvvrfldwlrq/
ru dqrwkhu erg| wkdw kdv wkh srzhu wr uhjxodwh wkh txdolw| ri vhuylfhv surylghg lq
�qdqfldo pdunhwv1 Lpphgldwho| diwhu wkdw vhfrqg surylghu hqwhuv wkh pdunhw dqg
fkrrvhv wkh fruuhodwlrq ehwzhhq klv whfkqrorj| dqg wkdw ri wkh �uvw lqirupdwlrq
surylghu1

Dvvxpswlrq ;1 Li wkh surgxfwlrq ri vljqdov zlwk gl�huhqw ohyhov ri qrlvh ohdgv
wr wkh vdph ydoxh ri sur�wv/ lqirupdwlrq surylghuv zrxog fkrrvh wr surgxfh d
qrlvlhu vljqdo1

Wklv dvvxpswlrq fdswxuhv wkh lqwxlwlrq wkdw wkh frvw ri lqirupdwlrq surgxfwlrq
lqfuhdvhv zlwk wkh suhflvlrq ri wkh vljqdo1

Dvvxpswlrq < +Qr Glvfulplqdwlrq,1 Lqirupdwlrq surylghuv fdq olplw wkh qxp0
ehu ri fxvwrphuv vhuyhg1 Wkh| fdqqrw/ krzhyhu/ frqglwlrq wkh vdoh rq wkh fxv0
wrphu ghflvlrq frqfhuqlqj sxufkdvh ri wkh frpshwlwru*v vljqdo1

Zkdw wklv phdqv lv wkdw lqirupdwlrq surylghu l dqqrxqfhv wkh qxpehu ri
frslhv ri wkh qhzvohwwhu kh lv jrlqj wr vhoo +zh vkdoo ghqrwh wklv txdqwlw| dv ��,
dw d jlyhq sulfh1 Krzhyhu/ kh fdqqrw fkdujh d gl�huhqw +glvfrxqwhg, sulfh li wkh
fxvwrphu sxufkdvhv klv frpshwlwru*v surgxfw1 Qru fdq kh frqwudfwxdoo| suhyhqw
klv fxvwrphu iurp ex|lqj wkh uhsruw iurp frpshwlqj rxwohw1

Dvvxpswlrq 43 +Mrlqw Qrupdolw| dqg Lqghshqghqfh,1 Wkh udqgrp ydul0
deohv hI> h]> h��> h�2 duh mrlqwo| qrupdoo| glvwulexwhg1 Wkh udqgrp yduldeohv hI> h]>h�� duh pxwxdoo| lqghshqghqw1

;



Wkh lqghshqghqfh dvvxpswlrq lv vlpsoli|lqj/ dqg fdq eh hdvlo| uhod{hg/ dv
orqj dv wkh udqgrp yduldeohv duh qrw shuihfwo| fruuhodwhg1

5171 Htxloleulxp dqg Vshfxodwlyh Pdunhw

Lq wkh udwlrqdo h{shfwdwlrqv htxloleulxp/ erwk lqirupdwlrqdo dqg dvvhw pdunhwv
fohdu +lq d shu fdslwd vhqvh, zkloh hdfk wudghu dqg lqirupdwlrq surylghu pd{lpl}hv
h{shfwhg xwlolw| ri �qdo frqvxpswlrq/ frqglwlrqdo rq doo lqirupdwlrq dydlodeoh wr
klp/ lqfoxglqj fxuuhqw dvvhw sulfhv1 Wkh irupdo gh�qlwlrq fdq eh irxqg lq Dgpdwl
+4<;8,1

Khuh/ L zrxog fkdudfwhul}h wkh olqhdu sulflqj uxoh7 iru wkh pdunhw lq zklfk
wkhuh duh wzr vhoohuv ri vljqdov/ d iudfwlrq �� ri wudghuv ex| d vlqjoh vljqdo ��>
dqg d iudfwlrq ��2 ex|v erwk vljqdov/ �� @ �� . ��21 Lw lv reylrxv wkdw/ xqghu
V|pphwu| Dvvxpswlrq :/ wkh qxpehu ri frslhv vrog e| hdfk surylghu frlqflghv/
�� @ �2 � �= Wkh iroorzlqj sursrvlwlrq ghvfulehv wkh htxloleulxp sulflqj uxoh1

Sursrvlwlrq 41 Wkhuh h{lvwv d xqltxh htxloleulxp sulfh ixqfwlrq

S +��> �2> ], @ �� . �2h$b>
zkhuh �� duh vrph frqvwdqwv/

h$b @ I .
h�� . h�2

5
� s~ h]> +7,

dqg s~ lv wkh rqo| uhdo vroxwlrq ri
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2
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Wkh surri ri wklv sursrvlwlrq lv jlyhq lq Dsshqgl{ D1 Dv lq Jurvvpdq dqg
Vwljolw} +4<;3, dqg Dgpdwl dqg S hlghuhu +4<;9,/ s~ lv lqyhuvho| sursruwlrqdo wr
wkh lqirupdwlyhqhvv ri wkh sulfh v|vwhp1 Wkh lqirupdwlyhqhvv ri wkh sulfh v|vwhp
lv +d, lqfuhdvlqj lq wkh qxpehu ri lqiruphg wudghuv/ +e, ghfuhdvlqj lq wudghuv*
ulvn dyhuvlrq/ +f, lqfuhdvlqj lq wkh qxpehu ri djhqwv ex|lqj lqirupdwlrq/ dqg
+g, ghfuhdvlqj lq fruuhodwlrq ehwzhhq vljqdov1 Qrwh dovr wkdw wkhuh lv d vwurqj
ghshqghqfh ri wkh lqirupdwlyhqhvv ri wkh sulfh v|vwhp rq txdolw| ri lqirupdwlrq/
�w1

7Dv kdv ehfrph fxvwrpdu| lq qrlv| udwlrqdo h{shfwdwlrqv olwhudwxuh/ L frqvlghu rqo| d olqhdu
sulflqj ixqfwlrq1

<



61 Wudghuv* Suhihuhqfhv iru Lqirupdwlrq1

Lw lv zhoo nqrzq +vhh Dgpdwl dqg S hlghuhu +4<;:,, wkdw/ lq wkh hfrqrp| rxwolqhg
deryh/ wkh h{ dqwh ydoxh ri vljqdo wkdw fkdqjhv wudghuv* lqirupdwlrq vhw iurp Ik
wr Iq lv jlyhq e|

fkq @
4

5�
oq

�
Y du+I mIk,
Y du+I mIq,

�
+9,

dqg lw lv wkh pd{lpxp wkdw wkh wudghu lv uhdg| wr sd| iru vljqdo+v,1 Ydoxh ri
lqirupdwlrq lv dq lqfuhdvlqj ixqfwlrq ri suhflvlrq ri wkh vljqdo1 Frqwudu| wr srs0
xodu rslqlrq/ lw lv qrw qhfhvvdulo| ghfuhdvlqj lq wkh ulvn dyhuvlrq frh!flhqw �> exw
udwkhu lv d frpsoh{ ixqfwlrq ri ulvn dyhuvlrq1

E| hpsor|lqj wkh surmhfwlrq wkhruhp dqg uhvxowv ri Sursrvlwlrq 4/ rqh fdq
duulyh dw wkh h{suhvvlrqv iru hvwlpdwhv ri dq djhqw*v yduldqfh +wkhvh h{suhvvlrqv
duh jlyhq lq htxdwlrq +57, lq Dsshqgl{ D,> xvlqj wkhvh h{suhvvlrqv/ wkh ydoxdwlrq
ri wkh vljqdo zkhq dq djhqw ex|v rqh vljqdo/ ru erwk/ lv
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L zrxog uhihu wr dq djhqw zkr lv ex|lqj d vlqjoh vljqdo dv sduwldoo| lqiruphg/ ru
��lqiruphg/ zkhuhdv d ex|hu ri erwk vljqdov lv uhihuuhg wr dv ixoo| lqiruphg ru
dv dq L�lqiruphg djhqw1 Lw lv hdv| wr vkrz wkdw ffU $ ffZ dv �$ 41

Wkh sureohp ri wkh ydoxdwlrq ri wkh vljqdo lv qrw d wulyldo rqh1 Dv fdq eh vhhq
iurp htxdwlrq +9,/ wkh ydoxh ri wkh vljqdo iru dq lqglylgxdo wudghu lv d ixqfwlrq
ri wkh lqirupdwlrqdo doorfdwlrq dprqj rwkhu wudghuv1 Dv vkrzq ehorz/ wkh lq0
irupdwlrq doorfdwlrq ghshqgv rq vljqdov ehlqj frpsohphqwv ru vxevwlwxwhv1 Wkh
iroorzlqj lv wkh irupdo gh�qlwlrq dgrswhg iurp Dgpdwl dqg S hlghuhu +4<;:,=

Gh�qlwlrq 41 Wzr vljqdov/ V� dqg V2> duh frpsohphqwv +vxevwlwxwhv, uhodwlyh wr
sulfh v|vwhp $b li

ffU+V�> V2m$b,A+?,ffZ+V�m$b, . ffZ+V2m$b,
ru/ iru v|pphwulf vljqdov/

ffU+V�> V2m$b,A+?,5ffZ+V�m$b,=

43



Lq wkh lqirupdwlrq pdunhw zlwk wzr lqghshqghqw lqirupdwlrq surylghuv zkr
sulfh wkhlu vljqdov dffruglqj wr htxdwlrqv +:, dqg +;,/ wkhuh h{lvwv wkh srvvlelo0
lw| iru wudghuv wr hqgrjhqrxvo| uhdfk doorfdwlrqv lq zklfk sduw ri wkh pdunhw lv
��lqiruphg/ dqg sduw lv ixoo| lqiruphg1 Wkxv/ vljqdov lq wklv uhjlrq ri sdudph0
whuv duh qhlwkhu frpsohphqwv qru vxevwlwxwhv1 Wkh iroorzlqj ohppd vshfl�hv wkh
frqglwlrqv xqghu zklfk ex|lqj d grxeoh vljqdo lv htxlydohqw wr ex|lqj rqh vljqdo1

Ohppd 41 Lq krprjhqhrxv pdunhwv/ wudghuv duh lqgl�huhqw zkhq lw frphv wr
ex|lqj d vlqjoh vljqdo ru d frpelqhg vljqdo li dqg rqo| li wkh lqirupdwlyhqhvv ri
wkh sulfh v|vwhp lv htxdo wr
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S urri1 Vwudljkwiruzdug/ e| htxdwlqj ffU @ 5ffZ dqg hpsor|lqj htxdwlrqv
+:, dqg +;,1

Xvlqj wkh uhvxow ri wklv ohppd/ lw lv srvvleoh wr h{solflwo| gh�qh yldeoh lqiru0
pdwlrq doorfdwlrqv1 Reylrxvo|/ wkh frqglwlrq ffU @ 5ffZ fdq eh vdwlv�hg rqo| lq
vrph uhjlrq ri wkh sdudphwhuv zkhuh/ h�hfwlyho|/ wudghuv uhdoorfdwh lqirupdwlrq
wkhpvhoyhv1 Wkh phfkdqlfv ri vxfk d uhdoorfdwlrq lv qrw h{solflwo| prghohg lq wklv
sdshu1 Lw lv dvvxphg/ lqvwhdg/ wkdw wkhuh h{lvw iulfwlrqohvv vhfrqgdu| pdunhwv iru
dq| xqrshqhg qhzvohwwhuv/ zkhuh wkh h{fkdqjh dqg2ru wudgh ri qhzvohwwhuv fdq
eh fduulhg rxw1 Wkh iroorzlqj sursrvlwlrq +suryhq lq Dsshqgl{ 5, ghvfulehv wkh
uhvxowlqj vwuxfwxuh ri wkh ghpdqg vlgh ri wkh lqirupdwlrq pdunhw1

Sursrvlwlrq 51 Fhwhulv sdulexv/ li
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wkhq vljqdov duh vxevwlwxwhv/ dqg wkh pdunhw frqvlvwv ri 5� sduwldoo| lqiruphg dqg
+4� 5�, xqlqiruphg wudghuv1 Li
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wkhq vljqdov duh frpsohphqwv/ dqg wkh pdunhw frqvlvwv ri � ixoo| lqiruphg dqg
+4��, xqlqiruphg wudghuv1 Rwkhuzlvh/ li �~ 5 +�W~ > �

WW
~ ,> d qrq0}hur iudfwlrq/ �>
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ri wkh pdunhw zrxog fkrrvh wr ex| d vlqjoh vljqdo/ zkhuhdv +� � �, zrxog ex|
erwk vljqdov/ dqg wkh uhpdlqghu zrxog uhpdlq xqlqiruphg1 Vlploduo|/ li � ? 4>
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wkhq 5� wudghuv zrxog ex| mxvw rqh vljqdo> li
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wkhq � wudghuv zrxog ex| erwk vljqdov dqg ehfrph ixoo| lqiruphg1 Lq wkh uhjlrq
ri sdudphwhuv � 5 +�WW>�W, d pl{hg htxloleulxp lv revhuyhg1

Dv fruuhodwlrq ehwzhhq vljqdov lqfuhdvhv/ wkh sursdjdwlrq ri wkh lqirupdwlrq
wkurxjk wkh sulfh v|vwhp ghfuhdvhv1 Erwk �W~ dqg �WW~ ghfuhdvh sursruwlrqdoo|
wr
s
4� � dv � dfklhyhv 41 Krzhyhu/ wkh gl�huhqfh ehwzhhq wkhvh wzr ixqfwlrqv

+zklfk ghwhuplqhv wkh P uhjlph zlgwk, ghfuhdvhv dv +4 � �,/ pxfk idvwhu wkdq
�W~ dqg �WW~ 1 Erwk �W~ dqg �WW~ lqfuhdvh zlwk � dqg ghfuhdvh zlwk wkh ulvn dyhuvlrq
frh!flhqw/ �= Dq h{dpsoh ri �W~ dqg �WW~ lv vkrzq lq Iljxuh 41 Li wkh vljqdov duh
yhu| suhflvh dqg vxsso| qrlvh lv kljk/ ru li vljqdov duh qrw yhu| ydoxdeoh/ exw vxsso|
qrlvh lv vpdoo/ wkhq wudghuv fkrrvh wr ex| rqo| rqh vljqdo1 Lq wkh iruphu fdvh/ wkh
djhqwv gr qrw zdqw d vhfrqg vljqdo ehfdxvh wkh sulfh ri ulvn| dvvhw lv ghwhuplqhg
prvwo| e| vxsso| qrlvh1 Lq wkh odwwhu fdvh/ lqirupdwlrq hdvlo| sursdjdwhv wkurxjk
wkh sulfh v|vwhp/ fdxvlqj wkh ydoxh ri lqirupdwlrq wr ghwhulrudwh1

Wkh vhfrqg kdoi ri Sursrvlwlrq 5 vkrzv wkdw li surylghuv fkrrvh wr vhoo d vpdoo
qxpehu ri frslhv/ wkhq lqyhvwruv ex| wzr vljqdov1 Krzhyhu/ li wkhuh duh pdq|
lqiruphg wudghuv lq wkh pdunhw dqg wkh sulfh v|vwhp lv lqirupdwlyh hqrxjk/ wkhq
wkh sursdjdwlrq ri lqirupdwlrq wkurxjk wkh sulfh v|vwhp fdq pdnh wkh vhfrqg
vljqdo uhgxqgdqw1 Qrwh wkdw wkh ehkdylru ri �W dv d ixqfwlrq ri �w lv gl�huhqw iru
voljkwo| fruuhodwhg dqg xqfruuhodwhg vljqdov1 Li vljqdov duh qrw fruuhodwhg dw doo/
olpjw<"�W @ plq

�
53�*2��~ > 4

�
> dqg li � A 3> olpjw<"�W @ 4= Li wkh vxsso|

qrlvh ru ulvn dyhuvlrq ri wudghuv lv kljk/ lw lv srvvleoh wkdw �W @ 4 dqg wkh V
uhjlph iru vrph ydoxhv ri vljqdo suhflvlrq grhv qrw h{lvw1 Li/ lq dgglwlrq/ �WW @ 4>
wkh P uhjlph fhdvhv wr h{lvw dv zhoo/ dv doo djhqwv zrxog fkrrvh wr ehfrph ixoo|
lqiruphg1 Vxfk d vlwxdwlrq lv vkrzq lq Iljxuh 51 Lw lv zruwk phqwlrqlqj wkdw
vrph uhjlrqv rq wklv skdvh gldjudp duh yluwxdoo| xqdwwdlqdeoh1

Dgglqj d qhz vljqdo wkdw lv qrw shuihfwo| fruuhodwhg zlwk wkh h{lvwlqj rqh
zrxog uhgxfh xqfhuwdlqw| lq wkh hfrqrp| hlwkhu gluhfwo| +iru wkh djhqwv zkr ex|
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Iljxuh 4= Yldeoh lqirupdwlrq doorfdwlrqv dv ixqfwlrqv ri qrlvh lq vljqdo �w dqg
ulvn| dvvhw vxsso| �~ = Wkh erxqgdulhv ehwzhhq V dqg P uhjlphv �W~ +erog olqh,/
dqg F dqg P uhjlphv �WW~ +gdvkhg olqh, duh gudzq iru � @ 3=4> � @ 4> � @ 3=
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Iljxuh 5= Yldeoh lqirupdwlrq doorfdwlrqv iru d gxrsro| lqirupdwlrq pdunhw dv d
ixqfwlrq ri wkh qxpehu ri frslhv r�huhg iru vdoh �> dqg vljqdo suhflvlrq �w1 �

W lv
ghslfwhg e| wkh erog olqh/ dqg �WW e| wkh gdvkhg olqh1 Wkh sdudphwhuv xvhg duh
dv iroorzv= � @ 3> �~ @ 3=7> � @ 8=
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Iljxuh 6= Lqyhuvh lqirupdwlyhqhvv ri wkh sulfh v|vwhp/ s~ > dv d ixqfwlrq ri vxs0
so| qrlvh yduldqfh1 Wkh wklq krul}rqwdo olqh fruuhvsrqgv wr wkh F uhjlph/ wkh
gdvkhg olqh fruuhvsrqgv wr wkh P uhjlph/ dqg wkh erog olqh fruuhvsrqgv wr wkh
V uhjlph1 Wkh furvvryhu srlqwv ehwzhhq uhjlphv fruuhvsrqg wr wkh vzlwfk wr d
�pruh lqirupdwlyh� htxloleulxp1 Wkh sdudphwhuv duh � @ 3=4> � @ 4> � @ 31

wkh qhz vljqdo, ru lqgluhfwo| +wkurxjk wkh sulfh v|vwhp/ iru djhqwv zkr gr qrw
ex| wkh vljqdo1, Wkh ehkdylru ehfrphv hqwluho| gl�huhqw li vljqdov duh shuihfwo|
fruuhodwhg/ dv/ lq wklv fdvh/ wkh ydoxh ri dq| dgglwlrqdo vljqdo lv }hur/ vr hyhu|rqh
ex|v rqo| rqh vljqdo1

Lw lv lqwhuhvwlqj wr frpsduh wkh lqirupdwlyhqhvv ri wkh sulfh v|vwhp lq wkhvh
uhjlphv1 Iljxuh 6 vkrzv wkh ehkdylru ri s~ dv d ixqfwlrq ri vxsso| qrlvh1 Dw �W~ >
wkhuh lv d wudqvlwlrq iurp wkh sulfh v|vwhp wkdw lv vkrzq e| wkh erog olqh wr wkh
pruh lqirupdwlyh rqh +gdvkhg olqh,1 Dw �WW~ > d vlplodu nlqn kdsshqv djdlq/ iurp
wkh sulfh v|vwhp wkdw fruuhvsrqgv wr d �pl{hg� pdunhw wr wkh sulfh v|vwhp wkdw
fruuhvsrqgv wr d �F� pdunhw +wklq krul}rqwdo olqh1, Krzhyhu/ wkh nlqn dw �WW~
lv fdxvhg e| wkh idfw wkdw lqirupdwlyhqhvv ri wkh sulfh v|vwhp fdqqrw eh ixuwkhu
lqfuhdvhg e| dq lqfuhdvh lq wkh qxpehu ri wudghuv zkr ex| erwk vljqdov +dv wkh
fdsdflw| lv uhdfkhg,1 Wkxv/ wkh wudqvlwlrq ehwzhhq uhjlphv fruuhvsrqgv wr wkh
fkrlfh e| djhqwv ri wkh pruh lqirupdwlyh sulfh v|vwhp wkdw ehqh�wv erwk sduwldoo|
lqiruphg dqg xqlqiruphg djhqwv1

Lw lv lpsruwdqw wr qrwh wkdw/ lq wklv vhfwlrq/ zh dvvxph wkdw wkh vljqdov duh
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sulfhg dw wkhlu kljkhu ydoxh1 Li wkh vljqdov duh sulfhg orzhu wkdq wkh sulfh gh�qhg
e| htxdwlrqv +:, dqg +;,/ wkh wudghuv zloo eh pruh lqfolqhg wr ex| erwk vljqdov1
Dv d uhvxow/ wkh uhjlrq zkhuh vljqdov duh vxevwlwxwhv zloo vkulqn1

71 Lqirupdwlrq Surgxfwlrq Rswlpl}dwlrq1

Dv vkrzq deryh/ wkh vwuxfwxuh ri wudghuv* suhihuhqfhv iru lqirupdwlrq lv txlwh
frpsoh{1 Reylrxvo|/ lqirupdwlrq surylghuv* rswlpl}dwlrq zlwklq vxfk d suhihu0
hqfh vwuxfwxuh lv d gl!fxow wdvn1 Iru vlpsolflw|/ wkh glvfxvvlrq ehorz lv olplwhg wr
wzr fdvhv1 Iluvw/ d ehqfkpdun fdvh ri shuihfwo| fruuhodwhg vljqdov lv frqvlghuhg1
Lqirupdwlrq gxrsro| zlwk lqglvwlqjxlvkdeoh vljqdov lv hdvlo| frpsdudeoh zlwk wkh
prqrsrolvwlf vhwwlqj uhvxowv ri Dgpdwl dqg S hlghuhu +4<;9,1 Lq wkh rwkhu h{0
wuhph/ wkh fdvh ri xqfruuhodwhg vljqdov lv dovr frqvlghuhg1 Wkh jhqhudol}dwlrq ri
wkh uhvxowv uhsruwhg ehorz wr wkh fdvh ri duelwudu| � 5 +3> 4, lv vwudljkwiruzdug1

7141 Shuihfwo| Fruuhodwhg Vljqdov1

Zh qrz frqvlghu wkh pdunhw zlwk wzr lqirupdwlrq surylghuv zkr r�hu wkh pdu0
nhw lqglvwlqjxlvkdeoh vljqdov surgxfhg dw }hur frvw1 Wkh sulfh s> dw zklfk dq
lqirupdwlrq surylghu fdq vhoo klv vljqdo/ lv erxqghg deryh e|

ffU @ oq

3EC4 .
4

�2w .
�
4 . �32w

� �
\�n\2

�j~

�2
4FD >

zklfk kdsshqv wr eh wkh prqrsro| sulfh ri wkh vljqdo +li �2 @ 3,= Wkh �uvw
txhvwlrq rqh vkrxog dvn lv/ fdq surylghuv frpshwh e| fkrrvlqj rswlpdoo| erwk
wkh txdqwlw| dqg wkh txdolw| ri wkh lqirupdwlrq kh zlvkhv wr vhooB Vxfk d surylghu
idfhv wkh sur�w pd{lpl}dwlrq sureohp

pd{
f	\�	�*2cjw

�� oq

3EC4 .
4

�2w .
�
4 . �32w

� �
\�n\2

�j~

�2
4FD = +47,

Wklv sureohp lv vlplodu wr wkh rqh frqvlghuhg lq d prqrsrolvwlf vhwwlqj e| Dgpdwl
dqg S hlghuhu +4<;9,1 Krzhyhu/ lw dsshduv wkdw wkh uhvxowv duh txlwh gl�huhqw1

Ohppd 51 Lq wkh hfrqrp| zlwk shuihfwo| fruuhodwhg vljqdov/ wkhuh h{lvwv qr
Frxuqrw0w|sh htxloleulxp1
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S urri1 Wr vkrz wkdw wkhuh lv qr vxvwdlqdeoh Frxuqrw0w|sh htxloleulxp lv
htxlydohqw wr vkrzlqj wkdw wkhuh h{lvwv d xqltxh vroxwlrq +�> �2w, wr sureohp +47,/
zkhuh erwk lqirupdwlrq surylghuv vhoo lqirupdwlrq wr wkh zkroh pdunhw +�� @
�2 @

�
2,> dqg yduldqfh lv vhw wr eh �2w @ +��~,

3� =

Lw lv hdv| wr vkrz wkdw wkh fkrlfh ri vljqdo yduldqfh �2w @ \�n\2
�j~

pdnhv +47,
htxlydohqw wr wkh sureohp

pd{
f	\�	�*2

�� oq

3EC4 .
4

5
�
\�n\2
�j~

�
.
�
\�n\2

�j~

�2
4FD =

Reylrxvo|/ wkh rswlpdo fkrlfh lv v|pphwulf/ �� @ �2 @ ��~{@5= Iluvw rughu
frqglwlrqv fdq eh zulwwhq dv

C�

C�
@ oq

�
4 .

4

5{. {2

�
� 4

+5 . {, +{. 4,
=

Lw lv hdv| wr vhh wkdw/ dw }hur/ wklv h{suhvvlrq jrhv wr lq�qlw|= Dw {  4> wklv
h{suhvvlrq lv dssur{lpdwho| htxdo wr {3� . r+{3e, A 3> dqg dssurdfkhv }hur dv

{ $ 4= Dw wkh vdph wlph/ wkh vhfrqg rughu frqglwlrqv |lhogv Y2�
Y\2 A 31 Wkxv/

wkh frqvwudlqhg rswlpdo vroxwlrq ri htxdwlrq +47, lv jlyhq e| �� @ �2 @ �
2 >

�2w @ +��~,
3� =

Ohppd 5 vkrzv wkh lpsruwdqw gl�huhqfh ehwzhhq gxrsro| dqg prqrsro|
fdvhv1 Zkloh d prqrsrolvw wulhv wr olplw wkh qxpehu ri lqirupdwlrq xvhuv/ frp0
shwlqj lqirupdwlrq surylghuv zrxog qhyhu gr vr1 Wkxv/ wkh surylghuv ri lqglvwlq0
jxlvkdeoh surgxfwv idfh d pdunhw wkdw lv olplwhg lq vl}h1 Lq rwkhu zrugv/ lqirupd0
wlrq surylghuv idfh Ehuwudqg frpshwlwlrq zklfk gulyhv wkh sulfh ri wkh vljqdo wr
pdujlqdo frvw1 Wklv uhvxow lv rxwolqhg lq wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 61 Lq lqirupdwlrq pdunhwv zlwk shuihfwo| fruuhodwhg vljqdov/ lqiru0
pdwlrq surylghuv frpshwh lq sulfhv1 Wkh sulfh wkh| duh deoh wr fkdujh lv htxdo
wr wkh pdujlqdo frvw ri surgxfwlrq1

Wkh gulylqj irufh ehklqg wklv uhvxow lv wkh devhqfh ri frpplwphqw rq wkh sduw
ri lqirupdwlrq surylghuv wr olplw wkh qxpehu ri frslhv ri lqirupdwlrq vrog1 Li vxfk
d frpplwphqw zhuh srvvleoh +hlwkhu wkurxjk uhjxodwlrq ru lqfuhdvlqj pdujlqdo
frvwv, surylghuv zrxog eh deoh wr fdswxuh d odujhu sduw ri wkh frqvxphu vxusoxv1

7151 Xqfruuhodwhg Vljqdov1

Rshudwlqj lq lqirupdwlrq pdunhwv zlwk xqfruuhodwhg vljqdov dggv ixuwkhu frpsoh{0
lw| wr wkh rswlpl}dwlrq sureohp ri wkh lqirupdwlrq surylghu1 Wr nhhs qrwdwlrqv
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wudfwdeoh/ L zloo frqvlghu rqo| wkh fdvh zkhuh vljqdov duh frpsohwho| xqfruuhodwhg/
� @ 3= Wkh jhqhudol}dwlrq ri wkh glvfxvvlrq ehorz wr wkh fdvh ri duelwudu| � lv
vwudljkwiruzdug1

Wkh pdlq uhvxowv ri wklv vhfwlrq duh ghvfulehg lq wkh iroorzlqj sursrvlwlrq dqg
fruroodulhv1

Sursrvlwlrq 71 Frpshwlqj lqirupdwlrq surylghuv/ zkrvh vljqdov duh xqfruuh0
odwhg/ gr qrw olplw wkh qxpehu ri pdunhw sduwlflsdqwv1 Wkh| surgxfh wkh vljqdo
zlwk suhflvlrq �2w @ 2

�j~
= Zkloh sulflqj wkhlu vljqdo/ wkh| gr lw lq d zd| wkdw

pdnhv wkh vljqdov vwudwhjlf frpsohphqwv dqg lqgxfhv wudghuv wr sxufkdvh erwk
vljqdov1 Wkh fkdujh iru wkhlu lqirupdwlrq lv

4

7�
oq

�
4 .

�2�2~
4 . 5��~

�
=

Fruroodu| 41 Wkh txdolw| ri wkh vljqdo r�huhg iru vdoh e| dq lqirupdwlrq surylghu
xqghu frpshwlwlrq lv qr kljkhu wkdq wkdw r�huhg e| wkh vdph surylghu lq prqrs0
rolvwlf vhwwlqjv1

Fruroodu| 51 Frpshwlqj lqirupdwlrq surylghuv h{wudfw doo ri wkh frqvxphu vxu0
soxv1

Dv vkrzq deryh/ wudghuv* suhihuhqfhv iru lqirupdwlrq ydu| dffruglqj wr wkh
wrwdo lqirupdwlrq doorfdwlrq lq wkh hfrqrp|1 Qrw vxusulvlqjo|/ V/ P / dqg F
uhjlphv pxvw eh frqvlghuhg vhsdudwho|1 Wkh iroorzlqj ohppd lv suryhg lq wkh
Dsshqgl{ 6=

Ohppd 61 Lq wkh devhqfh ri d fuhgleoh frpplwphqw phfkdqlvp/ d udwlrqdo lq0
irupdwlrq surylghu grhv qrw olplw wkh qxpehu ri lqirupdwlrq xvhuv1

Wklv ohppd lv dqdorjrxv wr Ohppd 5 lq wkh fdvh ri shuihfwo| fruuhodwhg vljqdov1
Wkh lqwxlwlrq ehklqg wklv uhvxow lv vwudljkwiruzdug= lq wkh fdvh ri xqfruuhodwhg
vljqdov/ dq lqfuhdvh lq wkh qxpehu ri ex|huv fdxvhv wkh ydoxh ri lqirupdwlrq wr
ghwhulrudwh hyhq ixuwkhu wkdq iru shuihfwo| fruuhodwhg vljqdov1 Vslooryhuv ri dggl0
wlrqdo lqirupdwlrq rffxu wkurxjk wkh sulfh v|vwhp/ wkxv lqfuhdvlqj wkh lqfhqwlyh
iru wkh lqirupdwlrq surylghu wr vhoo hyhq pruh frslhv1

Vlploduo| wr wkh fdvh ri shuihfwo| fruuhodwhg vljqdov/ lw dprxqwv wr wkh qrq0
h{lvwhqfh ri Frxuqrw0w|sh htxloleuld1 Krzhyhu/ frpshwlwlrq lq sulfhv ri gl�huhq0
wldwhg vljqdov uhvxowv lq sulflqj wkh lqirupdwlrq lq d zd| wkdw pdnhv wkh vljqdov
vwudwhjlf frpsohphqwv1
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Lq wkh F uhjlph/ e| gh�qlwlrq/ vljqdov dfw dv frpsohphqwv dqg ffU A 5ffZ1
Wkxv/ wkh sulfh wkh lqirupdwlrq surylghuv fdq fkdujh lv dfwxdoo| kljkhu wkdq wkh
vxp ri lqglylgxdo vljqdo ydoxhv1 Lw lv hdv| wr vhh wkdw wkh qdwxudo ehkdylru iru dq
lqirupdwlrq surylghu lv wr fkdujh s @ ffU+� @ 4,@5 A ffZ=

Wkh lqwxlwlrq ehklqg wklv uhvxow lv fohduhu zkhq zh orrn dw wkh uhjlrq ri vljqdo
dqg vxsso| qrlvh yrodwlolwlhv wkdw vdwlvi| frqglwlrq �WW @ 4= Xvlqj htxdwlrq +46,/
lw lv hdv| wr vkrz wkdw/ iru wkh fdvh � @ 3>

�2�2~�
2
w � 4 . �2w .

t
8 . 7�2w . �ew> +48,

ru/ vxevwlwxwlqj �uvw rughu frqglwlrqv/ �2w @ 5 +��~,
3� >

5�2�2~ � 5� ��~ �
t
7 . ;��~ . 8�2�2~ � 3>

zklfk ohdgv wr ��~ � 4.
s
5= Wkxv/ wkh wudgh0r� khuh lv ehwzhhq wkh srvvlelolw|

ri klglqj lqirupdwlrq +li wkh vxsso| qrlvh lv kljk hqrxjk, dqg wkh kljk suhflvlrq
ri wkh vljqdo +zklfk lv lqfuhdvlqj lq wkh vxsso| qrlvh,1 Jlyhq dq h{rjhqrxv ohyho
ri vxsso| qrlvh/ lqirupdwlrq surylghuv fkrrvh wr surgxfh vljqdov wkdw duh suhflvh
hqrxjk wr lqgxfh wudghuv wr sxufkdvh erwk vljqdov/ exw qrw pruh wkdq qhfhvvdu|
lq rughu wr olplw wkh vslooryhuv ri lqirupdwlrq wkurxjk sulfhv1

Wkxv/ li ��~ � 4 .
s
5> wkhq lqirupdwlrq surylghuv fkrrvh wr surgxfh wkh

vljqdov wkdw kdyh d suhflvlrq

�2w @ 5 +��~,
3� +49,

dqg sulfh lw dw s @ ffU+� @ 4,@5 A ffZ= Zkloh grlqj vr/ hdfk surylghu wdnhv lqwr
dffrxqw wkh h�hfw ri rwkhu surylghu*v vdohv1 Wklv vroxwlrq fdq eh lqwhusuhwhg dv
wdflw frooxvlrq1

Revhuyh wkdw/ li wkh vljqdov duh vxevwlwxwhv/ � A �W> e| gh�qlwlrq 5ffZ �
ffU A ffZ= Lpdjlqh wkdw wkh surylghu ri vljqdo 4 zrxog fkdujh wkh sulfh wkdw lv
vpdoohu wkdq ffZ> s @ ffZ � %= Wr suhyhqw wkh �uvw surylghu iurp fdswxulqj wkh
zkroh pdunhw/ wkh vhfrqg surylghu vkrxog gulyh wkh sulfh grzq dv zhoo1 Qrwh
wkdw dq dv|pphwulf htxloleulxp lv qrw dq rswlrq lq wkh devhqfh ri d frpplwphqw
phfkdqlvp/ dv wkh lqirupdwlrq surylghu sur�w lv dozd|v ghfuhdvlqj lq wkh rwkhu
surylghu*v vdohv dqg lqfuhdvlqj lq klv rzq1 Vxfk frpshwlwlrq zrxog ohdg wr wkh
srlqw zkhuh sulfh lv htxdo wr ffU+� @ 4,@5= Dw wklv srlqw/ doo udwlrqdo wudghuv
zrxog sxufkdvh erwk vljqdov1 Wkh rswlpdo qrlvh ohyho lv djdlq jlyhq e| Htxdwlrq
+49,1

Dv d uhvxow/ iru doo ydoxhv ri vxsso| qrlvh/ wkh lqirupdwlrq surylghuv sulfh wkh
vljqdo lq vxfk d zd| wkdw lqgxfhv wudghuv wr sxufkdvh erwk vljqdov1 Krzhyhu/ wkh
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qdwxuh ri vxfk d ghflvlrq lv gl�huhqw/ ghshqghqw rq wkh ohyho ri vxsso| qrlvh1 Li
qrlvh ru ulvn dyhuvlrq lv vpdoo/ ��~ ? 4.

s
5/ wkh ghflvlrq ri lqirupdwlrq surylghuv

lv gulyhq e| frpshwlwlrq1 Vkrxog rqh ri wkh surylghuv h{lw wkh pdunhw/ wkh sulfh
ri wkh vljqdo zrxog qhfhvvdulo| ulvh1 Frqyhuvho|/ li wkh vxsso| qrlvh lv kljk/ dq
lqirupdwlrq surylghu zrxog ehqh�w iurp wkh suhvhqfh ri d ulydo rq wkh pdunhw1
Wkh sulfh fkdujhg lv kljkhu wkdq wkh sulfh ri dq lqglylgxdo vljqdo1

Dv wkh qxpehu ri wudghuv vhuyhg lv dozd|v kljkhu lq d gxrsro| fdvh wkdq lq
d prqrsro| rqh/ wkh suhflvlrq ri d fxpxodwlyh vljqdo surgxfhg e| gxrsrolvwv lv
dozd|v orzhu wkdq rqh surgxfhg e| prqrsrolvwv1 Wkxv/ wkh dprxqw ri lqirupdwlrq
dydlodeoh wr pdunhw sduwlflsdqwv lv orzhu lq d gxrsro| fdvh wkdq lq prqrsro| rqh1
Dv idu dv zhoiduh jrhv/ lw vhhp wr eh gl!fxow wr duulyh dw dq| gh�qlwh frqfoxvlrq
ehfdxvh ri wkh qrlvh wudglqj lqyroyhg1

Li wkh surgxfwlrq ri lqirupdwlrq lv frvwo|/ lqirupdwlrq surylghuv fkrrvh wkh
fruuhodwlrq ehwzhhq vljqdov wr eh dv orz srvvleoh/ wkxv/ wr lqfuhdvh �2w @

2
E�n4��j~

dqg wr fxw wkh �surgxfwlrq frvw�1 Wkh lqfhqwlyh wr eh gl�huhqw zrunv lq wkh
rssrvlwh gluhfwlrq wr wkh lqfhqwlyh wr khug/ zklfk kdv ehhq frqvlghuhg lq uhfhqw
olwhudwxuh1

Lq Dsshqgl{ 7/ wkh h�hfwv ri frvwo| lqirupdwlrq jdwkhulqj lv frqvlghuhg1 Lw lv
vkrzq wkdw wkh uhvxowv ri wklv vhfwlrq duh urexvw wr fkdqjhv lq wkh lqirupdwlrq
surgxfwlrq frvw ixqfwlrq1

81 Dv|pphwulf lqirupdwlrq doorfdwlrq1

Lw lv zruwk phqwlrqlqj wkdw zh uhvwulfw rxu dwwhqwlrq wr v|pphwulf htxloleulxp1
Ndw} dqg Vkdslur +4<;8, vkrz wkdw dv|pphwulf htxloleulxp lq gxrsro| vhwwlqjv
lv srvvleoh1 Gluhfw fdofxodwlrqv vkrz wkdw/ zlwkrxw lpsrvlqj frqvwudlqwv rq dq
lqglylgxdo surylghu*v vkduh ri wkh pdunhw/ lq wkh vhwwlqjv ri wklv sdshu/ vxfk dq
htxloleulxp grhv qrw h{lvw1 Krzhyhu/ lw pljkw dsshdu li d pruh vrsklvwlfdwhg
pdunhw vwuxfwxuh lv lpsrvhg1

Wkh uhvxowv deryh duh ghulyhg xqghu wkh dvvxpswlrq wkdw lqirupdwlrq surylghuv
fdqqrw fuhgleo| frpplw wkhpvhoyhv wr vhuylqj rqo| d iudfwlrq ri wkh pdunhw1 Lq
wklv vhfwlrq/ wkh srodu fdvh lv frqvlghuhg1 L zrxog dvvxph wkdw rqh ri wkh lqiru0
pdwlrq surylghuv frpplwv klpvhoi wr vhuylqj wkh zkroh pdunhw/ �� @ 4> dqg wr
vhoolqj wkh vljqdo dw lwv idlu ydoxh ffZ+4>�2,= Wkh phfkdqlvp ri vxfk d frpplw0
phqw lv qrw vshfl�hg1 Rqh fdq wklqn ri uhjxodwru| suhvvxuhv dvvrfldwhg zlwk d
uhtxluhphqw wr pdlqwdlq d xqlirup sulfh wkurxjkrxw wkh pdunhw1 Dq h{dpsoh ri
vxfk uhjxodwru| suhvvxuhv fdq eh hdvlo| irxqg lq hphujlqj pdunhwv/ zkhuh orfdo
frpsdqlhv duh khdylo| uhjxodwhg exw fdq vhuyh erwk grphvwlf dqg iruhljq folhqwv/
zkhuhdv iruhljq �qdqfldo vhuylfh frpsdqlhv duh frqvwudlqhg wr ghdo zlwk rqo| iru0
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hljqhuv1 Lw lv dovr dvvxphg wkdw uhjxodwruv ghwhuplqh wkh suhflvlrq ri wkh vljqdo wr
eh vhuyhg1 D pruh frpshoolqj lqwhusuhwdwlrq lv wr dvvrfldwh d sxeolfo| dydlodeoh
vljqdo zlwk wkh sxeolf glvforvxuh ri lqirupdwlrq1 Lq vxfk d fdvh/ wkh vhfrqg vljqdo
lv dvvrfldwhg zlwk sulydwh lqirupdwlrq1

Iru wkh vdnh ri vlpsolflw|/ rqo| wkh fdvh ri xqfruuhodwhg vljqdov lv frqvlghuhg/
� @ 3= Ohw xv dvvxph wkdw/ wkurxjk wkh xvh ri xqvshfl�hg phdqv/ d �uvw surylghu
zdv deoh wr fdswxuh wkh zkroh pdunhw/ �� @ 4= Wkh txhvwlrq zh duh dvnlqj khuh
lv= Zkdw duh wkh vwudwhjlhv dydlodeoh wr wkh vhfrqg lqirupdwlrq surylghuB

Iluvw/ lw lv srvvleoh wr vkrz wkdw wkh sulflqj uxoh lq wklv fdvh lv jryhuqhg e|
wkh iroorzlqj ohppd=

Ohppd 71 Iru wkh fdvh ri dv|pphwulf lqirupdwlrq doorfdwlrq/ wkh htxloleulxp
sulflqj uxoh lv jlyhq e|

S @ �f . ��$tb�>

zkhuh �� duh vrph frqvwdqwv dqg

$tb� @ V�
�2�2~�

2
w .�2

2

+�2�2~�
2
w .�2,�2w

. V2
�2

�2w
� �]= +4:,

Wkh surri ri wklv ohppd lv edvhg rq d vwudljkwiruzdug dssolfdwlrq ri wkh
surmhfwlrq wkhruhp +55,/ dqg lv rplwwhg1 Wkh vlwxdwlrq ghvfulehg khuh erlov grzq
wr wkh idfw wkdw/ zkloh wkh �uvw lqirupdwlrq surylghu vhoov wr wkh zkroh pdunhw/
wkh vhfrqg surylghu vhoov wr d +|hw xqghwhuplqhg, qxpehu ri fxvwrphuv �2 5
^3> 4` = Dv iru wkh sulflqj uxoh/ lw lv qrwhzruwk| wkdw +d, lw ehfrphv v|pphwulf
dv �2 dssurdfkhv 4/ dqg +e, wkh frqwulexwlrq ri wkh �uvw lqirupdwlrq surylghu
wr wkh sulflqj uxoh lv dfwxdoo| qrq0prqrwrqlf/ zlwk d plqlpxp dw �2 @ 3=8=
Qrwh wkdw wkh sureohp frqvlghuhg khuh lv dfwxdoo| lvrprusklf wr wkh prqrsrolvwlf
lqirupdwlrq surylghu/ li wkh sulru suredelolw| glvwulexwlrq ghshqgv rq vljqdo V�=

Wkh ydoxh ri erwk vljqdov lv d ghfuhdvlqj ixqfwlrq ri �2 =
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Iljxuh 7= Sur�w ri lqirupdwlrq surgxfhuv rqh +vrolg olqh, dqg wzr +gdvkhg olqh,
iru � @ 4> �~ @ �

e > �w @ 5=

Fruuhvsrqglqjo|/ sur�wv iru lqirupdwlrq surylghuv duh

�� � ffZ+�� @ 4>�2,> +4;d,
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Lw lv hdv| wr vhh wkdw htxdwlrq +4;e, dfwxdoo| ghvfulehv wkh sur�w ri wkh prqrs0
rolvwlf lqirupdwlrq surylghu ri Dgpdwl dqg S hlghuhu +4<;9,1 Wkxv/ wkhuh h{lvwv
vrph uhjlrq ri sdudphwhuv lq zklfk wkhuh h{lvwv dq rswlpdo �W2 ? 4= Dq h{dpsoh ri
vxfk dq htxloleulxp lv vkrzq lq Iljxuh 71 Lw lv zruwk qrwlqj wkdw wkh sur�w ri wkh
vhfrqg lqirupdwlrq surylghu fdq dfwxdoo| h{fhhg wkh sur�w ri wkh �uvw surylghu1

Lw lv dovr lqwhuhvwlqj wr qrwh wkdw wkh sxeolf vljqdo fdq eh lqwhusuhwhg dv wkh
sxeolf glvforvxuh ri lqirupdwlrq uhjduglqj wkh ixwxuh survshfwv ri wkh �up/ dqg wkh
uhvwulfwhg vljqdo fdq eh xqghuvwrrg dv sulydwh lqirupdwlrq vrog wr wkh qhzvohwwhu
ex|huv ru fxvwrphuv ri eurnhudjh vhuylfhv1 Htxdwlrq +4;d, fdq eh lqwhusuhwhg
dv wkh zhoiduh jdlqv vrflhw| jhwv iurp wkh suhvhqfh ri wkh sxeolf glvforvxuh1 Li
vr/ wkh vrolg olqh lq Iljxuh 7 vkrzv wkdw wkh ydoxh ri sxeolf glvforvxuh udslgo|
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ghwhulrudwhv dv wkh qxpehu ri lqiruphg wudghuv lqfuhdvhv1 Dw wkh vdph wlph/
wkh ydoxh ri d sulydwh vljqdo h{fhhgv wkh ydoxh ri d sxeolf glvforvxuh1 Lq rwkhu
zrugv/ ex|huv ri d sulydwh vljqdo glvsursruwlrqdwho| ehqh�w iurp wkh suhvhqfh ri
d sxeolf vljqdo dv wkh| duh deoh wr frpelqh rswlpdoo| erwk sulydwh dqg sxeolf
vljqdov wr wkhlu lqirupdwlrqdo dgydqwdjh1 Wkxv/ wkh ghwhulrudwlrq ri wkh ydoxh ri
sxeolfo| dydlodeoh lqirupdwlrq vkrxog eh frqvlghuhg dv rqh ri wkh frvwv ri doorzlqj
lqiruphg wudglqj rq wkh pdunhw1

91 Frqfoxvlrq

Wkh uhvxowv suhvhqwhg lq wklv sdshu vkrz wkdw frpshwlwlrq dqg glyhuvlw| dprqj
�qdqfldo lqirupdwlrq surylghuv gudpdwlfdoo| fkdqjhv wkh qdwxuh ri pdunhwv iru
lqirupdwlrq1 E| doorzlqj vljqdov wr eh ohvv wkdq shuihfwo| fruuhodwhg/ lqirupdwlrq
surylghuv fuhdwh gl�huhqwldwlrq dprqj vljqdov1 Wkh sulfh wkh| duh deoh wr fkdujh
lv ghwhuplqhg e| wkh ydoxh ri doo wkh vljqdov wkh| vhoo1 Lw fdq eh hlwkhu kljkhu
ru orzhu wkdq wkh sulfh ri wkh vdph vljqdo surgxfhg lq wkh prqrsrolvwlf vhwwlqj1
Pruh lpsruwdqwo|/ li wkh vljqdov duh xqfruuhodwhg/ frpshwlwlrq grhv qrw ohdg wr
dq| lpsuryhphqw rq wkh sduw ri wkh wudghuv1 Dv lq wkh prqrsro| fdvh frqvlghuhg
e| Dgpdwl dqg S hlghuhu/ lqirupdwlrq surylghuv duh deoh wr dssursuldwh doo ri wkh
frqvxphu vxusoxv1 Wkh txdolw| +suhflvlrq, ri wkh vljqdo vxssolhg lv qr ehwwhu wkdq
wkh rqh d prqrsrolvw zrxog fkrrvh wr surgxfh/ xqghu wkh vdph vxsso| qrlvh dqg
ulvn dyhuvlrq sdudphwhuv1

Ilqdoo|/ lw lv vkrzq wkdw/ li rqh vljqdo lv uhyhdohg wr wkh zkroh pdunhw +h1j1/
sxeolf glvforvxuh,/ dqg d vhfrqg rqh lv uhyhdohg wr rqo| d vxevhw ri lqyhvwruv/ lw lv
wkh odwwhu jurxs zkr ehqh�w glvsursruwlrqdwho| iurp sxeolf glvforvxuh1

Wkh lpsruwdqw qrupdwlyh txhvwlrq rxwolqhg lv dv iroorzv= Grhv wkh glyhuvlw|
ri lqirupdwlrq surylghuv fuhdwh dq| uhdo ydoxh iru lqirupdwlrq frqvxphuvB Lq rxu
prgho/ wkh dqvzhu lv qhjdwlyh1 Ohwwlqj lqirupdwlrq surylghuv fkrrvh erwk wkh
fruuhodwlrq ehwzhhq wkhlu vljqdov dqg wkhlu yduldqfh ohdgv wr qr lpsuryhphqw rq
wkh sduw ri wudghuv1

Judkdp dqg Kduyh| +4<<9, dqg Md�h dqg Pdkrqh| +4<<<,/ dprqjvw rwkhuv/
kdyh grfxphqwhg wkh srru shuirupdqfh ri lqglylgxdo qhzvohwwhuv1 Rq wkh rwkhu
kdqg/ Nxpdu +4<<<, dqg Eduehu/ Ohkdy|/ PfQlfrov/ dqg Wuxhpdq +4<<;, vkrzhg
wkdw d frqvhqvxv iruhfdvw fdq lqghhg surylgh ydoxdeoh lqirupdwlrq1 Lqyhvwphqw
vwudwhj| edvhg rq frqvhqvxv iruhfdvw rxwshuirupv ydulrxv ehqfkpdunv1 Wklv uhvxow
lv urexvw wr ghod|/ vl}h/ errn0wr0pdunhw h�hfwv/ hwf1 Wkh �qglqjv ri wklv sdshu
vhhp wr eh lq djuhhphqw zlwk wkhvh uhvxowv1 Lq wkh frqwh{w ri rxu prgho/ srru
shuirupdqfh ri dq lqglylgxdo qhzvohwwhu fruuhvsrqgv wr kljk yduldqfh ri lqglylgxdo
vljqdov1 Krzhyhu/ d frpelqhg vljqdo fdq vwloo surylgh ghfhqw lqirupdwlrq wr wkh
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wudghuv1 Lw fdq dovr h{sodlq wkh ulvh ri vhuylfhv wkdw duh vhoolqj frqvhqvxv iruhfdvwv
hlwkhu e| qhzvohwwhuv +Kxoehuw Gljhvw, ru e| eurnhudjh dqdo|vwv +L2E2H2V/ Iluvw
Fdoo/ ]dfnv/ hwf1,

Lw zrxog eh lqwhuhvwlqj wr lqyhvwljdwh zkhwkhu wkhuh h{lvwv d frpplwphqw
phfkdqlvp wkdw lv fuhgleoh hqrxjk wr olplw lqirupdwlrq vhoolqj1 Vxfk d frp0
plwphqw fdq eh uhdol}hg e| wkh lqirupdwlrq surylghu kroglqj d fhuwdlq qxpehu
ri vkduhv ri wkh ulvn| dvvhw1 Lw zrxog dovr eh lqwhuhvwlqj wr lqyhvwljdwh wudglqj
vwudwhjlhv ri lqirupdwlrq surylghuv lq d khwhurjhqhrxv pxowl0dvvhw pdunhwv1 Wkhvh
wrslfv duh ohiw iru ixwxuh uhvhdufk1

57



Uhihuhqfhv

Dgpdwl/ D1 U1 +4<;8,= �D Qrlv| Udwlrqdo H{shfwdwlrqv Htxloleulxp Iru Pxowl0
Dvvhw Vhfxulwlhv Pdunhwv/� Hfrqrphwulfd/ 86+6,/ 95<�98:1

Dgpdwl/ D1 U1/ dqg S1 Siohlghuhu +4<;9,= �D Prqrsrolvwlf Pdunhw iru Lqiru0
pdwlrq/� Mrxuqdo ri Hfrqrplf Wkhru|/ 6</ 733�76;1

+4<;:,= �Yldeoh Doorfdwlrqv ri Lqirupdwlrq lq Ilqdqfldo Pdunhwv/� Mrxu0
qdo ri Hfrqrplf Wkhru|/ 76/ :9�4481

+4<;;,= �D Wkhru| ri Lqwudgd| Wudglqj Sdwwhuqv= Yroxph dqg Sulfh
Yduldelolw|/� Uhylhz ri Ilqdqfldo Vwxglhv/ 4+4,/ 6�731

+4<<3,= �Gluhfw dqg Lqgluhfw Vdoh ri Lqirupdwlrq/� Hfrqrphwulfd/ 8;+7,/
<34�<5;1

Doohq/ E1 +4<;9,= �Wkh Ghpdqg iru +Gl�huhqwldwhg, Lqirupdwlrq/� Uhylhz ri

Hfrqrplf Vwxglhv/ 86+6,/ 644�6561

Doohq/ I1 +4<<3,= �Wkh Pdunhw iru Lqirupdwlrq dqg wkh Ruljlq ri Ilqdqfldo
Lqwhuphgldwlrq/� Mrxuqdo ri Ilqdqfldo Lqwhuphgldwlrq/ 4+4,/ 4�631

Eduehu/ E1/ U1 Ohkdy|/ P1 PfQlfrov/ dqg E1 Wuxhpdq +4<<;,= �Fdq
Lqyhvwruv Sur�w Iurp SurskhwvB Frqvhqvxv Dqdo|vw Uhfrpphqgdwlrq dqg
Vwrfn Uhwxuq/� 1

Ehqderx/ U1/ dqg J1 Odurtxh +4<<5,= �Xvlqj Sulylohjhg Lqirupdwlrq wr Pd0
qlsxodwh Pdunhwv=Lqvlghuv/ Jxuxv/ dqg Fuhglelolw|/� Wkh Txduwhuo| Mrxuqdo ri

Hfrqrplfv/ 43:/ <54�<891

Eldlv/ E1/ dqg O1 Jhupdlq +4<<:,= �Lqfhqwlyh Frpsdwleoh Frqwudfwv iru wkh
Vdoh ri Lqirupdwlrq/� Orqgrq Exvlqhvv Vfkrro LID Zrunlqj Sdshu 59704<<:1

Euhqqdq/ P1 M1/ dqg W1 Fkrugld +4<<6,= �Eurnhudjh Frplvvlrq Vfkhgxohv/�
Mrxuqdo ri Ilqdqfh/ 7;/ 46:<�47351

Iduuhoo/ M1/ dqg J1 Vdorqhu +4<;8,= �Vwdqgduwl}dwlrq/ Frpsdwlelolw|/ dqg
Lqqrydwlrq/� UDQG Mrxuqdo ri Hfrqrplfv/ 49+4,/ :3�;61

Ilvkpdq/ P1 M1/ dqg N1 P1 Kdjhuw| +4<<8,= �Wkh Lqfhqwlyh wr Vhoo Ilqdqfldo
Pdunhw Lqirupdwlrq/� Mrxuqdo ri Ilqdqfldo Lqwhuphgldwlrq/ 7/ <8�4481
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Iudqnho/ M1 D1/ dqg N1 D1 Iurrw +4<<3,= �Fkduwlvwv/ Ixqgdphqwdolvwv/ dqg
Wudglqj lq wkh Iruhljq H{fkdqjh Pdunhw/� Dphulfdq Hfrqrplf Uhylhz/ ;3+5,/
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Jhupdlq/ O1 +4<<;,= �Vwudwhjlf Qrlvh lq Frpshwlwlyh Pdunhwv iru wkh Vdoh ri
Lqirupdwlrq/� Orqgrq Exvlqhvv Vfkrro Zrunlqj Sdshu1

Jorvwhq/ O1 U1/ dqg S1 U1 Plojurp +4<;8,= �Elg/ Dvn dqg Wudqvdfwlrq Sulfhv
lq d Vshfldolvw Pdunhw zlwk Khwhurjhqhrxvo| Lqiruphg Wudghuv/� Mrxuqdo ri

Ilqdqfldo Hfrqrplfv/ 47/ :4�4331

Judkdp/ M1 U1/ dqg F1 U1 Kduyh| +4<<9,= �Pdunhw Wlplqj Delolw| dqg
Yrodwlolw| Lpsolhg lq Lqyhvwphqw Qhzvohwwhuv*dvvhw Doorfdwlrq Uhfrpphqgd0
wlrqv1/� Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 75+6,/ 6<:�7541

Jurvvpdq/ V1 M1/ dqg M1 H1 Vwljolw} +4<;3,= �Rq wkh Lpsrvvlelolw| ri Lqiru0
pdwlrqdoo| H!flhqw Pdunhwv/� Dphulfdq Hfrqrplf Uhylhz/ :3/ 6<6�73;1

Mdiih/ M1 I1/ dqg M1 P1 Pdkrqh| +4<<<,= �Wkh Shuirupdqfh ri Lqyhvwphqw
Qhzvohwwhuv/� Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 86+4,/ 5;<�63:1

Ndqh/ D1/ dqg V1 J1 Pdunv +4<<3,= �Wkh Gholyhu| ri Pdunhw Wlplqj Vhuylfhv=
Qhzvohwwhu yhuvxv Pdunhw Wlplqj Ixqgv/� Mrxuqdo ri Ilqdqfldo Lqwhuphgldwlrq/
4/ 483�4991

Ndw}/ P1 O1/ dqg F1 Vkdslur +4<;8,= �Qhwzrun H{whuqdolwlhv/ Frpshwlwlrq/
dqg Frpsdwlelolw|/� Dphulfdq Hfrqrplf Uhylhz/ :8+6,/ 757�7731

Nxpdu/ D1 +4<<<,= �Ehkdylru ri Prphqwxp Iroorzlqj dqg Frqwuduldq Pdunhw
Wlphuv/� \doh Xqlyhuvlw| Zrunlqj Sdshu1

N|oh/ D1 V1 +4<;8,= �Frqwlqlrxv Dxfwlrqv dqg Lqvlghu Wudglqj/� Hfrqrphwulfd/
86/ 4648�46681

Vdelqr/ M1 +4<<6,= �Lqfhqwlyhv wr Vhoo Lqirupdwlrq/� Zrunlqj Sdshu/ Zkduwrq
Vfkrro/ Xqlyhuvlw| ri Shqqv|oydqld1

Vklq/ M1 +4<<;,= �Gluhfw Vdohv ri Ilqdqfldo Lqirupdwlrq e| d Prqrsrolvwlf Vhoohu/�
Zrunlqj Sdshu/ Wkh Krqj Nrqj Xqlyhuvlw| ri Vflhqfh dqg Whfkqrorj|1

Zlqnohu/ U1 O1 +4<;4,= �Frpelqlqj Suredelolw| Glvwulexwlrqv iurp Ghshqghqw
Lqirupdwlrq Vrxufhv/� Pdqdjhphqw Vflhqfh/ 5:+7,/ 7:<�7;;1
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D1 Surri ri Sursrvlwlrq 4

Lw lv hdv| wr vkrz wkdw/ iru wkh djhqwv zlwk FDUD suhihuhqfhv/ wkh ghpdqg iru
wkh ulvn| vhfxulw| lv jlyhq e|

[k @
H+I mIk,� S

� ydu+I mIk, > +4<,

� @ L> �>X= Ohw xv dvvxph +wklv dvvxpswlrq kdv wr eh yhul�hg lq htxloleulxp,
wkdw wkh lqirupdwlrqdo frqwhqw ri sulfhv lv htxlydohqw wr wkh lqirupdwlrqdo frqwhqw
ri wkh yduldeoh h$b @ I . +h�� . h�2,@5� s~ h]> +53,

zkhuh s~ lv d frqvwdqw/ lqghshqghqw ri +h��> h],> |hw wr eh ghwhuplqhg1 Wkh lqiru0
pdwlrq vhw ri hdfk djhqw lv dv iroorzv=

IL @ i$bj >IZ� @ i$b> ��j >IU @ i$b> ��> �2j = +54,

Xvlqj wkh surmhfwlrq wkhruhp
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Qrwh wkdw wkh yduldqfh ri d �0djhqw dssurdfkhv wkh yduldqfh ri d ixoo| lqiruphg
djhqw dv vljqdov ehfrph pruh dqg pruh fruuhodwhg1 Hpsor|lqj wkh pdunhw fohdulqj
frqglwlrq/

��[Z� . �2[Z2 . ��2[U . +4� �� � �2 � ��2,[L @ ]> +58,

v=w=�� . ��2 @ ��>

dqg htxdwlrqv +4</ 56/ 57,/ rqh fdq zulwh wkh htxdwlrq iru s~ dv
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@ 3 +59,

Wkhuh h{lvwv d xqltxh uhdo urrw ri wklv fxelf htxdwlrq/ zklfk fdq eh vroyhg dqd0
o|wlfdoo|1 Dq h{dpsoh ri vxfk d vroxwlrq iru wkh fdvh ��2 @ 3 lv jlyhq lq Dsshqgl{
61 Xvlqj htxdwlrq +56, lw lv hdv| wr vkrz wkdw wkh sulfh uhodwlrqvkls +7, lv lqghhg
wuxh1�

51 Surri ri Sursrvlwlrq 5

Rqfh wkh qxpehu ri frslhv iru vdoh lv dqqrxqfhg/ wudghuv zrxog fkrrvh wr ex| d
vhfrqg vljqdo xs wr wkh srlqw zkhuh wkh ydoxh ri wzr vljqdov lv htxdo wr wkh vxp ri
wkh ydoxhv ri vhsdudwh vljqdov1 Lw lv srvvleoh wkdw lw zrxog qhyhu kdsshq/ dqg wkdw
wkh vhfrqg vljqdo lv wkhuhiruh uhgxqgdqw +��2 @ 3,1 Wklv kdsshqv li wkh vljqdo
lv yhu| suhflvh dqg2ru wkh vxsso| qrlvh lv vpdoo1 Lw pljkw dovr kdsshq wkdw wkh
sulfh v|vwhp lv yhu| qrlv|/ dqg wkdw lw sd|v wr ex| erwk vljqdov1 Wklv fruuhvsrqgv
wr ��2 @ �=

Iurp Ohppd 4/ wkh frqglwlrq ri htxdolw| ri 5ffZ @ ffU lv htxlydohqw wr

+sW~,
2 @

+4� �,�2w
�
4� �. �2w+4� �2, . !

�
7�2~

�
4 . �. 5��2w

� = +5:,

Wr �qg wkh erxqgdu| ehwzhhq wkh pl{hg uhjlph dqg wkh vxevwlwxwhv uhjlph/
rqh vkrxog lqwurgxfh +5:, lqwr htxdwlrq +59, dorqj zlwk wkh frqglwlrq ��2 @ 3=
Vlpsoh pdqlsxodwlrqv ohdg wr htxdwlrq +43,1 Vlploduo|/ wkh lqwurgxfwlrq ri +5:,
lqwr htxdwlrq +59,/ dorqj zlwk wkh frqglwlrq ��2 @ �> ohdgv wr htxdwlrq +44,1�

5;



61 Surri ri Ohppd 6

Li vljqdov duh frpsohphqwv/ � ? �WW> wudghuv ex| erwk vljqdov/ dqg wkh lqirupdwlrq
surylghu*v sureohp lv

pd{
f	\�	\WWcjw

�� oq

3EC4 .
5

�2w . 7
�
�
2 . �32w

� �
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�j~

�2
4FD =

Li jlyhq d fkrlfh ri vljqdo qrlvh/ wkh lqirupdwlrq surylghu zrxog fkrrvh �2w @
2\�
�j~

>
dqg wkh rswlpl}dwlrq sureohp zrxog froodsvh lqwr rqh vlplodu wr wkh prqrsrolvwlf
rswlpl}dwlrq ri Dgpdwl dqg S hlghuhu +4<;9,/

pd{
f	\�	\WW

�� oq

3C4 .
��~

��

�
5 . \�

�j~

�
4D =

Lw lv hdv| wr vkrz wkdw vxfk d sureohp kdv d xqltxh xqfrqvwudlqhg rswlpxp1
Pruhryhu/ dw vpdoo �> wkh �uvw rughu frqglwlrq glyhujhv dv oq�/ zkhuhdv/ dv �
dssurdfkhv lq�qlw|> wkh �uvw rughu frqglwlrq frqyhujhv wr }hur dv � ��j~\ �2

= Wkxv/
li dw �WW �uvw rughu frqglwlrqv gholyhu srvlwlyh uhvxowv/ wkhuh h{lvwv qr rswlpxp
dw � 5 ^3>�WW` = E| lqwurgxflqj wkh urrw ri htxdwlrq � @ �WW lqwr wkh �uvw rughu
frqglwlrqv/ rqh jhwv oq 5.

s
5� 5 A 3= Wkxv/ wkh rswlpxp lv rxwvlgh wkh lqwhuydo

�� 5 ^3>�WW,1
Krzhyhu/ li ��~ � 4.

s
5> wkhq wkh vljqdov duh frpsohphqwv iru dq| �� 5 ^3> 4`=

Lq wxuq/ wklv phdqv wkdw lqirupdwlrq surylghuv zloo qrw olplw wkh qxpehu ri frslhv
r�huhg iru vdoh dv orqj dv vxsso| qrlvh lv kljk hqrxjk1

Li ��~ ? 4.
s
5> lqirupdwlrq surylghuv pd| �qg wkhpvhoyhv lq dq P pdunhw

uhjlph/ � 5 ^�WW>�W`= Wkhlu sur�wv fdq eh h{suhvvhg dv
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�n4
2

��
4D > +5;,

zkhuh s~ @ sW~ lv jlyhq e| htxdwlrq +<,1 Wkh h{suhvvlrq xqghu wkh orjdulwkp lv
lqghshqghqw ri �> dqg sur�w lqfuhdvhv olqhduo| zlwk � xs wr �W= Wkxv/ wkh udwlrqdo
lqirupdwlrq surylghu fkrrvhv wr vhoo wr d qxpehu ri fxvwrphuv wkdw lv vr kljk wkdw
qrqh ri wkhp fkrrvhv wr ex| d vhfrqg vljqdo1 Li �W � 4> wkh rswlpl}dwlrq lqyroyhv
�qglqj wkh rswlpdo suhflvlrq ri wkh vljqdo �w 5 +�Ww> �

WW
w , ri wkh h{suhvvlrq xqghu

wkh orjdulwkp1 Wkh �uvw rughu frqglwlrqv |lhog �w @ �Ww1 Wkxv/ li ��~ ? 4 .
s
5>

wkh lqirupdwlrq surylghuv fkrrvh wkhlu suhflvlrq dqg qxpehu ri frslhv vrog lq d

5<



zd| wkdw qhyhu ohdgv wkhp wr eh lq dq P uhjlph1 Lq rwkhu zrugv/ li htxloleulxp
h{lvwv/ lw grhv h{lvw vrphzkhuh rq ^�W>4,= Wklv fdq eh vhhq lq Iljxuh 61 Wkh sulfh
v|vwhp lv pruh lqirupdwlyh lq dq P uhjlph wkdq zkhq vljqdov duh vxevwlwxwhv +lq
dq V uhjlph,1 Htxlydohqwo|/ wkh vslooryhu ri lqirupdwlrq wkurxjk wkh sulfh v|vwhp
vxssuhvvhv wkh ydoxh ri wkh vljqdo dqg sur�wv1

Ohw xv frqvlghu rswlpl}dwlrq lq wkh fdvh zkhuh vljqdov duh vxevwlwxwhv1 Hdfk
lqirupdwlrq surylghu pd{lpl}hv

�� @
��

5�
oq

3C4 .
�e~s

e
~�

4 . �2~s
2
~ . �2w

�
�n4
2

���
�2~s

2
~�

2
w .

�
�342

e

�
�ew

�
4D = +5<,

Xvlqj htxdwlrq +59,/ wklv fdq eh zulwwhq dv
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4D > +63,

zkhuh s~ lv wkh vroxwlrq ri +59, jlyhq e|

s~ @
��2~

6 +�� .�2,
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5��2w +��~�w,
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> +64,

dqg

# @ ;�2�2w�
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~ . 5: +�� .�2,

2 . 6
s
6 +�� .�2,

t
49�2�2w�

2
~ . 5: +�� .�2,

2=

Iru frqyhqlhqfh/ zh lqwurgxfh hs~ @ +�� .�2, s~ = Qrwh wkdw hs~+�� @ 3>�2 @
3, @ ��2~ = Wkxv/ lq wkh olplw ri d vpdoo iudfwlrq ri lqiruphg wudghuv/ wkh h{suhvvlrq
+64, ehkdyhv doprvw dv li wkhuh lv qr dgglwlrqdo lqirupdwlrq sursdjdwlrq wkurxjk
gl�huhqw uhdol}dwlrqv ri wkh vljqdo1

Wkh ydoxh ri wkh lqglylgxdo vljqdo lv wkh ghfuhdvlqj frqwlqxrxvo| gl�huhqwldeoh
ixqfwlrq ri ��= Wr vkrz wklv/
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dqg qrwh wkdw hs~ � �YhR~Y\�
m\2'\�

�
�� A 3= Lq dgglwlrq/ wkh ydoxh ri wkh vljqdo lv

frqyh{ iru vpdoo ydoxhv ri ��> dqg lv ehfrplqj frqfdyh dv �� lqfuhdvhv1 Wkxv/
zh fdq frqfoxgh wkdw h{suhvvlrq +63, kdv/ dw prvw/ rqh pd{lpxp1

Zh fdq dovr fdofxodwh wkh h{suhvvlrq iru wkh vhfrqg ghulydwlyh ri +63, dw erwk
vpdoo dqg odujh ydoxhv ri ��= Li wkh lqirupdwlrq surylghuv vhuyh mxvw d vpdoo
iudfwlrq ri wkh pdunhw/ �� � 4>
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dqg iru wkh odujh/ �� $4>

g2��

g�2
�

m\2'\�
@ � 8

4;��

�
4 . �2w

� ���w�~
��
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Wkxv/ sur�w dv d ixqfwlrq ri �� kdv 5n h{wuhphv/ zkhuh n @ 3> 4> 5=== Zh fdq
frqfoxgh wkdw wkh rqo| rswlrq zh kdyh lv n @ 3> dqg sureohp +5<, grhv qrw kdyh
dq rswlpdo vroxwlrq1 Wklv uhvxow lv qrw d�hfwhg e| wkh idfw wkdw zh glg qrw vroyh
wkh sureohp iru wkh rswlpdo qrlvh ohyho/ dv lw lv ydolg iru dq| �w1 �

71 Wkh h�hfw ri frvwo| lqirupdwlrq jdwkhulqj

Lq wkh Dgpdwl dqg S hlghuhu +4<;9, iudphzrun/ wkh lqirupdwlrq surylghu lv hq0
grzhg zlwk dq lqirupdwlrq surgxfwlrq whfkqrorj| wkdw jlyhv d vljqdo zlwk suhfl0
vlrq �2w dw }hur frvw1 Lq uhdo olih/ dfklhylqj fhuwdlq suhflvlrq ri wkh vljqdo frphv
dw d frvw wkdw lv lqfuhdvlqj lq suhflvlrq1 Wkh pdwkhpdwlfdo irup ri wkh frvw ixqf0
wlrq vkrxog fdswxuh wkh idfw wkdw lw lv srvvleoh wr rewdlq d vljqdo wkdw lv shuihfwo|
suhflvh/ exw rqo| dw lq�qlwh frvw1 Dw wkh vdph wlph/ dq|rqh fdq surgxfh d vljqdo
zlwk lq�qlwh yduldqfh dw qr frvw dw doo/

olp
j2
w
<f

Fw @4> olp
j2
w
<"

Fw @ 3=

Zh vkdoo frqvlghu wkh vlpsohvw fdvh ri vxfk d ixqfwlrq/

Fw @

�
3> li �w � �wf>
4> li �w ? �wf>

+65,

zkhuh �wf lv d srvlwlyh frqvwdqw1 Lw looxvwudwhv wkh qrwlrq wkdw wkhuh h{lvwv vrph
uhvlgxdo xqfhuwdlqw| wkdw fdq qhyhu eh fdswxuhg e| dqdo|vwv1
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Iluvw/ zh frqvlghu rswlpl}dwlrq lq wkh F uhjlph/ zkhuh �WW � 4= Lw lv hdv|
wr vkrz wkdw wkhuh h{lvwv/ dw prvw/ rqh ydoxh ri � wkdw vroyhv wkh xqfrqvwudlqhg
rswlpl}dwlrq sureohp ri wkh lqirupdwlrq surylghu

pd{
f	\�	\WWcjw:jwf
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�j~
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4FD = +66,

Wklv lv grqh e| vkrzlqj wkdw wkh vhfrqg ghulydwlyh ri pd{lpdqg lq htxdwlrq +66,
fkdqjhv vljq rqo| rqfh/ iurp qhjdwlyh wr srvlwlyh/ dqg wkdw wkh �uvw ghulydwlyh lv
srvlwlyh iru vpdoo �> dqg ehkdyhv dv ��32 dv � dssurdfkhv lq�qlw|1

Wkh frqglwlrq +46, wdnhv wkh irup

�2�2~ � 4 . �32w .
t
4 . 7�32w . 8�3ew > +67,

�2w @ pd{

�
5

��~
> �2wf

�
=

Reylrxvo|/ li lqirupdwlrq surylghuv zhuh iuhh wr fkrrvh wkh rswlpdo vljqdo yduldqfh/
wkh uhvxowv zrxog qrw fkdqjh iurp wkrvh uhsruwhg deryh1 Krzhyhu/ li wkh fkrlfh
lv frqvwudlqhg/ wkh �uvw rughu frqglwlrq dw �WW wdnhv wkh irup
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t
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t
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�2
4FD = +68,

Wkh gl�huhqfh iurp wkh surri ri Ohppd 6 lv yhu| fohdu dw wklv srlqw1 Li wkh fkrlfh
ri qrlvh yduldqfh lv xqfrqvwudlqhg/ wkh dqdorj ri h{suhvvlrq +68, lv dozd|v srvlwlyh/
lqglfdwlqj wkdw wkhuh lv qr � 5 ^3>�WW, vdwlvi|lqj wkh �uvw rughu frqglwlrqv1 Frq0
yhuvho|/ lq wkh frqvwudlqhg fdvh/ wkhuh h{lvwv d uhjlrq ri ydoxhv/ �wf ? �wf> zkhuh
+68, lv qhjdwlyh1 Khuh �wf � 3=9:8 lv wkh vroxwlrq ri �uvw rughu frqglwlrqv +68,> lw
lv hdv| wr vkrz wkdw wklv vroxwlrq h{lvwv/ dqg lv lqghhg xqltxh1 Krzhyhu/ li wkh �uvw
rughu frqglwlrqv duh fdofxodwhg dw � @ 4> lw lv fohdu wkdw/ iru dq| ��~ A 4 .

s
5>

lw lv ri wkh vdph vljq1 Wkxv/ wkh suhvhqfh ri wkh frqvwudlqw rq wkh fkrlfh ri vljqdo
qrlvh grhv qrw dowhu vljql�fdqwo| wkh uhvxowv ri wkh suhylrxv vhfwlrq1

Wkh erxqgdulhv ehwzhhq gl�huhqw uhjlphv/ krzhyhu/ duh d�hfwhg1 Iurp +67,/
��~ ehfrphv d ghfuhdvlqj ixqfwlrq ri �wf= Lq wkh olplw/ dv �wf $ 4> lw zrxog
ohdg xv wr ��~ �

s
5> uhsodflqj +67,= Zh frqfoxgh wkdw wkh suhvhqfh ri lqwulqvlf

olplwdwlrqv rq wkh suhflvlrq ri wkh vljqdo ohdgv wr dq lqfuhdvh lq wkh lqflghqfh ri
wdflw frooxvlrq1
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Dv wkh surri ri Ohppd 6 grhv qrw uho| rq rswlpl}dwlrq ryhu vljqdo qrlvh/ lw lv
gluhfwo| dssolfdeoh lq wkh frqvwudlqhg fdvh dv zhoo1 Wkh uhvxowv ri wklv vhfwlrq fdq
eh vxppdul}hg dv iroorzv=

Sursrvlwlrq 81 Lqirupdwlrq surylghu0gxrsrolvwv zkrvh vljqdov duh xqfruuhodwhg
gr qrw olplw wkh qxpehu ri pdunhw sduwlflsdqwv1 Wkh fkdujh iru wkhlu lqirupdwlrq
lv
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+69,

zkhuh �2w @ pd{
�
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�j~

> �2wf

�
> dqg �wf lv wkh kljkhvw suhflvlrq dydlodeoh1

Lw lv lqwhuhvwlqj wr qrwh wkdw wkh dvvhw sulfh kdv d pd{lpxp dv d ixqfwlrq ri
ulvn dyhuvlrq �=8 Wkh orjlf ehklqg wklv lv txlwh vlpsoh1 Li dq djhqw lv +doprvw,
ulvn0qhxwudo/ klv ydoxdwlrq ri lqirupdwlrq derxw wkh yduldqfh ri wkh ulvn| dvvhw
uhwxuqv lv qrw yhu| kljk1 Fohduo|/ iru vpdoo �> wkh ydoxh ri lqirupdwlrq lqfuhdvhv
zlwk ulvn dyhuvlrq1 Lq wkh rssrvlwh fdvh/ li ulvn dyhuvlrq lv kljk/ wkh wudghu lqyhvwv
sulpdulo| lq wkh ulvn0iuhh dvvhw/ dqg ydoxdwlrq ri lqirupdwlrq lv ghfuhdvlqj lq �>
dv lv wkh iudfwlrq ri zhdowk lqyhvwhg lq wkh ulvn| dvvhw1

Wkh orjlf deryh lv gluhfwo| dssolfdeoh wr d pdunhw zkhuh wkh vljqdov r�huhg
wr wudghuv duh ohvv wkdq shuihfwo| fruuhodwhg/ � 5 +3> 4, = Wkh sulfh ri wkh vljqdo lv
jlyhq e| wkh dqdorj ri +69,
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Vlploduo| wr wkh glvfxvvlrq deryh/ li lqirupdwlrq surylghuv fdq rswlpl}h ryhu vljqdo

suhflvlrq/ wkh| fkrrvh �2w @ pd{
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> li �2wf � 2

E�n4��j~
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Qrwh wkdw wkh ydoxh ri sur�w grhv qrw ghshqg gluhfwo| rq wkh fruuhodwlrq ehwzhhq
vljqdov �1 Wkh fkrlfh ri fruuhodwlrq d�hfwv rqo| wkh fkrlfh ri qrlvh ri wkh vljqdo �w=
Iurp wkh srlqw ri ylhz ri d wudghu zkr sxufkdvhv erwk vljqdov/ wkh xqfhuwdlqw| ri

8Qxphulfdo fdofxodwlrqv vkrzv wkdw/ lq wkh xqfrqvwudlqhg fdvh/ wklv pd{lpxp fruuhvsrqgv wr
�j~ E ��D�Df�
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wkh yduldqfh ri dvvhw uhwxuq lv +��~,
3� = Wkxv/ li wkh lqirupdwlrq surylghuv duh

iuhh wr fkrrvh rswlpdo suhflvlrq/ wkh xqfhuwdlqw| ri wkh djhqw*v hvwlpdwh grhv qrw
ghshqg rq �1 Krzhyhu/ li wkh surylghuv duh frqvwudlqhg/ wkh gluhfw rswlpl}dwlrq
ri +6:, ryhu � vkrzv wkdw wkh rswlpxp lv uhdfkhg dw � @ 3=
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